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stability spectrum, except for the double zero eigenvalue, is stable. Equations with such properties are
of codimension one among even-dimensional systems with a cosymmetric equilibrium. In all cases, such
a system admits a straightenable family of non-cosymmetric equilibria near the cosymmetric one. The
classification is based on the following properties: the type of the cosymmetric equilibrium (node, focus,
saddle); the relative position of the cosymmetric equilibrium and the family (including the case where
the cosymmetric equilibrium belongs to the family); the number of boundary equilibria of the family
separating its stable and unstable regions (< 3); the number of intersections of each separatrix of the
cosymmetric saddle equilibrium with the family (< 3). Each property is determined by polynomial
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intersection. The defining polynomial conditions and corresponding phase portraits are presented for each
identified class. The existence of each nonempty class is established by a scalable example for non-obvious
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1. Problem Statement

The theory of cosymmetry was founded by V. I. Yudovich [3] to explain an unusual effect

in the problem of plane filtration convection posed by D. V. Lyubimov [4]|. According to his
definition, a mapping L : H x A — H in the Euclidean space H = R", A C R™ is called a co-
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symmetry of a mapping F': H x A — H, or of the differential equation
= F(u,\), ueH, e, (1)

if F'and L are orthogonal at every point u € H for any fixed value of the parameter \ € A.
Let uw = up € H be an equilibrium of system (1) at A = A\g € A. This equilibrium is called
cosymmetric if it is also a zero of the cosymmetry:

F(UO, )\0) = L(UQ, )\0) =0.

In what follows, we assume that the mappings F' and L are analytic. If given equilibrium
of the system is non-cosymmetric with respect to a specified cosymmetry, then, in the absence
of additional degeneracies, it belongs to an analytic family of equilibria. As later shown by
L. G. Kurakin [5], the converse also holds. In the neighborhood of a cosymmetric equilibrium,
V. L. Yudovich studied the properties of cosymmetry in a sufficiently general form for
applications to the filtration convection problem. In particular, for a system with a real
parameter, the cosymmetry was assumed to be a linear skew-symmetric operator L* = —L
independent of the parameter. For an odd-dimensional system, such an operator is non-
invertible. By replacing the skew-symmetry of a linear cosymmetry with the less degenerate
requirement of its local invertibility, and by allowing the cosymmetry to be a nonlinear
operator depending on a real parameter, we are led to the problem of analyzing the bifurcations
of the system in a neighborhood of a cosymmetric equilibrium.

This study was carried out in [6] using the Lyapunov-Schmidt method [7], where it was
shown that the dimension of the kernel of the linearization at a cosymmetric equilibrium has
the same parity as the dimension n of the original system. Moreover, in an odd-dimensional
system with one-dimensional kernel, the cosymmetric equilibrium belongs to an analytic family
of equilibria. Consequently, according to the results of [5], the original system also admits
another cosymmetry for which this equilibrium is non-cosymmetric. Bifurcations in even-
dimensional systems with a two-dimensional kernel were described. Thus, the problem arises
of a more detailed study of system (1) by means of the center manifold method [8] under the
following assumptions:

1°. n is even.

2°. The point ug is an equilibrium of system (1) for all A:

F(up,\) =0 VAeA.
3°. The equilibrium ug is cosymmetric for all A:
L(up,\) =0 VAeA.

4°. The cosymmetry L(u,\) is invertible in a neighborhood of the point u = wg for all
A€EA

5°. The Jacobian of F' at (ug,0) has a two-dimensional kernel:

_ dF(u,0)

dim ker Fyy = 2, Fy p
U

u=ugp

6°. The entire stability spectrum of the matrix Fj, except for the double zero eigenvalue,
lies strictly in the left half-plane.
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Under assumptions 1°-6°, the center-manifold reduction of system (1) yields the following
two-dimensional system of differential equations in the Euclidean space:

x:f(m,y,)\), y:g(ﬂc,y,)\) (2)

with variables (z,y) € © C R? and m-dimensional (m > 1) parameter A € A C R™, defined
in a small neighborhood of the point 0 € V :=  x A.

REMARK 1. In this paper, the theory of the center manifold is invoked only insofar as
it allows the reduction of the original higher-dimensional system (1) to the two-dimensional
system (2). Moreover, one may instead begin with the two-dimensional system (2) and develop
the classification for it, reducing the higher-dimensional case to the two-dimensional one by
means of the center manifold theory under assumptions 1°—6°.

Let the mapping

o, 2. Ll(x7y’)\)
L . V—>R . (Qj,y,A)'_) < L2(ﬂj,y,>\)

denote the cosymmetry of system (2) inherited from system (1) via the center-manifold
reduction:

f(x,y, )‘)Ll(xaya)‘) +g(1’,y,)\)L2(1’,y,)\) - 07 (xaya)‘) ev. (3)

We further assume that system (2) satisfies the following properties:
1°. The mappings f, g, L1, and Ly are analytic in the neighborhood V.
2°. System (2) has the zero equilibrium for all A € A, so that the functions fand g : V' — R
satisfy the condition
£(0,0,\) =¢(0,0,A) =0, Xe€A. (4)

3°. The equilibrium x = y = 0 is cosymmetric for all A € A, so that the equality
L°(0,0,A) =0, X€A, (5)

is satisfied.
4°. The cosymmetry L° is locally invertible in a neighborhood of the point x = y = 0
at A =0:

(6)

oLy ($7y,0) BLl(x,y,O) )

I 0. O
det B#0, B:= ( OLo(r40)  OLa(2w.0)
ox oy

r=y=0

5°. The linearization matrix A of system (2), (4) at the zero equilibrium for A = 0 has
the two-dimensional kernel:

= 0. (7)

0f(z,y,0)  0f(zy,0) )

: I 0. G)
dimker A =2, A:= < Dg(r.y.0)  Dg(r0)
ox oy

rz=y=0

REMARK 2. Properties 2°-5° are inherited by system (2) from system (1). Property 1°,
however, need not be inherited. Indeed, even if the mappings in the original system are
analytic, the center manifold may fail to be analytic. For the results obtained below,
the analyticity assumption on the subsequent mappings, as well as on the functions f, g,
L1, and Lo, is adopted merely for convenience and is not essential. Throughout the paper,
analyticity may be replaced by C*-regularity.
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2. Effect of Cosymmetry on the System’s Structure

The following theorem states.
Theorem 1. Under assumptions 1°—5°, system (2) can be written in the form

&= —Lo(z,y, N by, N, § = Li(2,9,\) bz, y, \), (8)
where the function h : V — R is analytic in the neighborhood V and satisfies
h(0,0,0) = 0. (9)

< According to the inverse function theorem, conditions (5) and (6) imply that the system
of equations
Ky :Ll(maya)‘)a Ky :LQ(x7y7)‘)7

has a unique solution

.%':X(Kl,KQ,)\), y:Y(KhKQa)‘)a
which is analytic in the variables K7, Ko and in the parameter A in a small neighborhood
of the origin. Substituting this solution into the identity (3) and viewing it as an identity
in the variables K; and K5, we obtain

Ky fi(Ky, K2, ) + Kog1 (K1, K2, A) = 0, (10)

where f; and g are analytic functions of Kj, Ky and the parameter A in a neighborhood
of the origin:

J1(K1, Ko, A) i= [ (X (K1, K2, ), Y(K1, Ko, M), M),
g1(K1, Ko, M) := g (X(K1, Ko, \), Y(K1, K2, \), A).
It follows that f1(K7,0,A) = g1(0, K2, A\) = 0 for all sufficiently small values of Ky, K5, and A.
Hence, the functions f; and g; can be written in the form
g1(K1, K2, \) = K1hi (K1, K2, ), fi(K1, K2, \) = —Kaha (K1, Ko, M),

where h; and ho are analytic functions of K7, K5, and the parameter A in a neighborhood
of the origin. It follows from the identity (10) that h; = ho.
Thus, equations (2) can be rewritten in the form (8), where the function h is defined by
h(CC, Y, )‘) = hl(Ll (:Ua Y, )‘)a L2($, Y, A)’ )‘)

and is analytic in the neighborhood V.
Now let us prove that h(0,0,0) = 0. It follows from (2) and (8) that

gz, N)
My, A) = Li(z,y, \)

By the analyticity of the functions g and L1, from condition (4) and assumptions 4° and 2°
we obtain the following asymptotic expansions for small x, y u A:

g9(w,y,A) = O(2® + v + (2| + [y]) - [A]) -

It follows from the condition det B # 0 that I3 4+ I3 # 0. Taking the limit, we obtain the
equality (9):

o g(x,0,0) . O(a?)
(0,0,0) = lim 112.0.0) %zt 0@ " (b #0),
2
7(0,0,0) = tim 2090y OW) g Loy s

y—0 Ll(O, Y, 0) N y—0 m
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Theorem 1 reduces the problem of studying the properties of the original system (2), (4)
under assumptions 1°-5° to system (8), in which the functions L;, Ls, and h are analytic
in the neighborhood V' and satisfy the conditions (5), (6), and (9).

The phase portrait of the system (8) for each fixed value of A can be constructed by
combining the phase portrait of the equations

T = _L2(~Taya)‘)a QZLl(ﬂf,y,)\), (11)
with the set of equilibria S of the system (8):
S:={z,yeQ: h(zx,y,\) =0}. (12)

The system (8) always possesses the cosymmetric zero equilibrium. Each of its nonzero
equilibria is noncosymmetric, lies on some phase trajectory of the system (11), and separates
it into two parts, which are trajectories of the system (8). In the region where h(z,y, \) <0,
the directions of motion along the phase trajectories of the systems (8) and (11) are opposite.

3. Stability of Equilibria

The linearization matrix of the system (8) at an equilibrium (x,y) = (a, () of the
family (12) has the form

—LQ( ah(ay)\

o Li(a, Bh(ayA :y 7 (13)

_LQ( 57 ) ﬁ,)
M(a’ﬁ’A) = ( 5 ) 7ﬁ7 )

=«

y=p

The eigenvalues of the matrix o7 («, 8, \) are zero, and its trace is given by
N = trd/(a, 5, N). (14)

In particular, 27(0,0,\) = 0, so that dim ker <7(0,0,\) = 2.

Consider the equilibria (12) with 2% + % # 0. If N # 0, then dimker &/ (a, 3,A) = 1,
and, according to the cosymmetric version of the implicit function theorem [3], each nonzero
equilibrium of the family (12) is nonisolated and belongs to the one-parameter family
of equilibria. The equilibria of (12) with N > 0 are unstable. When N < 0, the stability
problem for the equilibria of the family (12) of the system (8) corresponds to the critical
case of a simple zero eigenvalue. This case was studied by Lyapunov A. M. (see [9], Theorem
of Section 32, degenerate case). According to his results, the equilibria of the family (12)
with V < 0 are the Lyapunov stable and asymptotically stable in the directions transverse
to the family S. In the present work, for N = 0, a situation arises where the linearization
matrix o/ («, 8, A) has a double zero eigenvalue, while dim ker &7 («, 5, A) = 1. In this case, the
equilibrium (a, B), called a boundary equilibrium [6], is non-isolated, and its stability problem
requires a nonlinear analysis. This boundary equilibrium locally separates the family .S into
two arcs, each of which consists entirely of either linearly stable or linearly unstable equilibria.

4. Model Systems and the Principle of Their Classification

In addition to assumptions 1°-5°, let the following condition hold for the system (8):
6°. The inequality
h%O + hgl 7£ 0’ (15)
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is satisfied, where

Oh(z,y,0) Oh(z,y,0)
hig := —22~ hor 1= —22~ .
Oz r=y=0 ’ ay r=y=0

Without loss of generality, assume that

hot # 0. (16)

The case hig # 0 can be reduced to this one by interchanging = <+ y and f < g.
Let g9 := h(0,0,A). The change of variables

r—x, Yy— h(l’,y,)\) — €0 (17)

in the system (8) brings the function A to the form eg+y, thereby straightening the family (12).
Expanding the right-hand side of the resulting system in the Taylor series in the variables
x and y, we write it in the asymptotic form as |z| + |y| + |A| — 0:

&= [folz,y,n) +O(f(a,y,0)] - (0 +v),

. " (18)
g = [go(z,y, u) + OG(z,y,\)] - (0 +v),
where B B
fo(z,y, 1) := (@10 + p3) z + ao1 v, (19)
go(,y, 1) := (a10 + p11) @ + (ao1 + o) y + (a0 + p2) v + azo 2,
and

f(x7y7 )‘) = .%'2 +y2 + ‘y’ ' ‘)“ + ’1" : ’)"27
9@, y,A) o= |z* + |yl + v7 + (> + |yl) - A+ |=] - [A]%.

The quantities a9, @1, @10, ao1, a20, aszg are real coefficients of the system (18). Let
W= (€0, po, 1, 2, 43) denote a new small parameter whose components are functions of
the m-dimensional parameter A. We assume that the five components of i are independent.
This situation occurs in the generic case when m > 5.

Neglecting in (18) the terms insignificant for further consideration, we obtain the system:

&= fo(x,y, 1) - (o +v), ¥=go(x,y,n)- (c0+y) (20)

Its cosymmetry

ten = (560)

is invertible and vanishes at the equilibrium z = y = 0. Thus, system (20) with cosymmetry L
satisfies assumptions 1°—6°.

Note that the symmetry between the variables z and y in system (20) is broken due
to condition (16) and the transformation (17).

The further analysis of equations (8) reduces to the study of system (20), whose coefficients
and small parameters can be regarded as arbitrary, provided that they satisfy the inequality
det B = ajpap1 — ap1aio # 0, where the matrix B, according to definition (6), has the form

B = < 10 do1 > .
—ai —ao
The system corresponding to equations (11) takes the form:

xl:fO(x,ynu)’ y.:gO(xayuu)' (21)
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The linearization matrix
fo(z,y,0)  9fo(=,y,0)

5 ) a a
M= i Yy _ 10 01 (22)
9g0(z,y,0)  9g0(z,y,0) aip ao1

of the system (21) at the zero equilibrium for p = 0 is invertible, since det M = det B # 0.
The classification of the zero equilibrium of system (21) in generic case

det M #0, trM #0, dy:=tr*M —4det M #0 (23)
is as follows:
Node:  detM >0, dy >0 (24)
Focus: det M >0, dy <O0; (25)
Saddle: det M < 0. (26)

The invariants (23) are expressed by the formulas:

det M = aqp9a01 — ao1a19, trM = aio + ao1,

dy = (@10 — ao1)? + 4do1azo.

The linearization matrix of the system (20) along the family of equilibria y = —eg has

the form
( 0 folx,—e0,pt) )
0 90(37, _60’:“) .

Setting the eigenvalue go(x, —eg, ) equal to zero, we obtain the cubic equation

(a10 + p1) @ + (azo0 + p2) ° + azo 2 = (ao1 + po) 0, (27)
which determines the boundary equilibria (x,—eg) of the family y = —eg. These equilibria
separate the family y = —&( into several connected sets of the type interval or ray, within each

of which the equilibria are either linearly stable or unstable. If the multiplicity of at least one
of these roots is greater than one, then when passing from the system (20) to equations (18),
the number of boundary equilibria may, in general, change. In the generic case, all real roots
of the polynomial (27) are simple. The number of such real roots is determined solely by the
nondegeneracy conditions.

We construct a classification of the system (20) according to the following set of properties,
which are preserved under the perturbation of the system (20) to (18):

1* Type of the cosymmetric equilibrium of (11): node / focus / saddle.

2* Number of boundary equilibria of the family y = —eg of (8):0 /1 /2 / 3.

3* Relative position of the cosymmetric equilibrium x = y = 0 and the family y = —e&.
The family y = —¢gqg lies in the lower half-plane, on the z-axis, or in the upper half-plane:
sgneg =1\0\ —1.

4* Vector of separatrix intersections (only for a saddle equilibrium):

v := (v1,v2,v3,04), (28)

where the j-th component denotes the number of intersections of the j-th separatrix of the
saddle of the system (21) with the equilibrium family y = —e(. The separatrices are numbered
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counterclockwise around a sufficiently small circle centered at the origin, starting from the
vector (x,y) = (0,1) (inclusive).

For example, v = (0,1,1,0) in Fig. 1(c1), and v = (0,0,0,0) in Fig. 1(cp).

In the sequel we impose nondegeneracy conditions on the coefficients of (20) on which
properties 1* and 2* depend. These properties also depend on certain small parameters of (20).
Setting the remaining coefficients and small parameters to zero yields a truncated system. By
further simplifying the truncated system via invertible changes of variables and time rescaling
we obtain a model system. Considering each model system under all nondegenerate relations
among its small parameters, we classify the model systems according to properties 1*—4%.
Degenerate parameter relations, i.e. relations for which at least one of the properties 1*—4*
of the model system ceases to persist under the passage first to the system (20) and then
to its perturbation (18), are omitted. Moreover, two systems are regarded as belonging to
the same class if they coincide up to an invertible analytic change of variables z, y, a time
reparametrization t (including time reversal), and a reparametrization of .

Table 7 lists all truncated and model systems considered in this work.

Class names are formed as follows:

1) Choose the letter (a)—(h) of the model system (see Table 7) to which the class belongs.

2) Append indices corresponding to the discriminating signs of certain functions of the
parameter p. Instead of the usual sign function sgn z we use the function w defined by

1, x>0,
w(z) =<0, =0, (29)
2, =<0,

3) If the equilibrium z = y = 0 is a saddle, append indices corresponding to the separatrix
intersection vector v to the model system letter (a)—(h).

5. Classification of the System (20) by the Codimension of Degeneracy

Generic Case. Assume that ajg # 0. The truncated system derived from equations (20)
has the form:

& = (aor + any) - (0 +y), ¥ = (aw0z + ao1y) - (g0 +¥)- (30)
The change of variables
x — aypr + agry, Yy — /|det M|y, (31)
reduces it to the model system
= (aqx—s1y)-(e1+y), y=z-(e1+y), a1 #0, s ==+1, (32)

where M
a := o s1:=sgndet M, &1:= N — (33)

/] det M|’ /] det M|

REMARK 3. The system (32) retains its form under the transformation x — —z, y — —y,
t — —t, 1 — —e1. Therefore, without loss of generality, we may assume that 1 > 0.

The classification of system (32) is presented in Table 1 and the corresponding Fig. 1.
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Table 1
Classification of system (32) in a neighborhood of the equilibrium z =y =0
Class Conditions
S1, al sgn ey
(a1) [ s1=1, a1 >4 1
(ao) (node) 0
(b1) |s1=1, af <4 1
(bo) (focus) 0
(Cl) S1 = —1 1
(co) (saddle) 0

(c1) (co)

Fig. 1. Phase portraits of the model system (32) corresponding to the classification in Table 1.
Here: <>\ O — cosymmetric \ non-cosymmetric equilibrium;
O\® \® _ stable \ boundary \ unstable equilibrium; dashed lines
are separatrices of the saddle equilibrium of system (32).

Case of a Single Degeneracy. Let
aio =0, agoam #0, ai # ao1- (34)
The system truncated from equations (20) and given by
i =awr (0+y), ¥=(mr+any+ anr®)- (e +y), (35)
is transformed, by a change of variables and, when agy < 0, a reversal of time,

x — +/|a|x, Yy — apisgnag -y, t—sgnay-t, (36)
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to the model system
i=ar-(e2+y), y=(nzr+y +x2) “(ea+y), az#0,L (37)
The coefficient and parameters of the model system (37) are given by

a1o __sgnasg

Qg 1= —, V]:i=——=— -], £2:= Qp15gNnag EQ. 38
ao1 V/ |aol (38)

Let us denote by
51(a,b) := a® — 4b (39)

the discriminant of the polynomial x? 4 ax + b.

REMARK 4. The substitution x — —z in (37) changes only the parameter vy and the
intersection vector:

vy — —U, (s (Ul,U4,U3,U2)-

The analytical classification of the system (37) is summarized in Tables 2 and 3, and the
corresponding phase portraits are shown in Fig. 3.

Theorem 2. In the classification of (37), all classes not appearing in Tables 2 and 3 are
empty:
(d12)’ (d02)’ (e%l)’ (6%2)’ (6%2)’ (631), (6(1)2)’ (632)’ (632)' (40)

Table 2
Classification of the system (37) in a neighborhood of the node z = y = 0 in the space
of small parameters 1 and 2. Here 611 = 1/12 + 4e5. The classes are written
in the form (dw(sz)yw((;n)), where the function w is defined by (29)

Class Conditions Example
(a #0)

a2 sgnes | sgndiy €2 V1

(d11) | a2 >0 1 1 o? «@

(d21) | a2 #1 -1 —a? 3o

(d01) (node) 0 0 «

(dzg) —1 —1 7OLZ o

Table 3

Classification of the system (37) in a neighborhood of the saddle x =y =0
in the space of small parameters vy and e2. Here 611 = v + 4eo,

d12 = &:3‘32 v? + 4ey. The classes are written in the form (ezgiﬁ’)w(éu)),
where the function w is defined by (29)
Class Conditions Example (a #0)
a2 sgnez | sgndir | sgndio €2 1
(e11) 1 o’ a
(e21) | a2<0 —1 1 1 —(1—2a2) &” 3(1—a2)
(ep1) | (saddle) 0 0 e!
(e31) -1 1 -1 2(a53—2(1—a2)?)a® | 4(1 —a2) «
(e32) -1 -1 -1 —a? o
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<

bl /]
e

(651) (631) (652)

Fig. 2. Phase portraits of the model system (37) corresponding
to the classification in Tables 2 and 3.

First Case of Double Degeneracy. Let
aip =0, aip=ao1, aaoian # 0.
The system, truncated from equations (20), is given by
& = ((ao1 +p3) x +aoy) - (o +y), ¥ = (mz+ (ao1 + po) y + aso®) - (g0 +y),
and can be reduced to the form
t=(x+wmr+y) (e3+y), y= (V3x+y+m2) (e3+v),

by a change of variables and of time, and by time reversal, when asy < 0:

a dor a0 ag o (ao1 + po)* y
7 ) A~ .
(ao1 + 10)? (ao1 + i0)3 as a4,
The parameters 15, v3, and €3 are determined by
~ ~9
H3 — Ho ag1 M1 a20 @p1 €0
Vg i = ——— pgi=— =

, U3 , €3:= .
aop1 + po (ao1 + po)? (ap1 + po)?3

The classification of the system (43) is presented in Table 4 and illustrated in Fig. 3.
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Table 4
Classification of the system (43) in a neighborhood of the equilibrium z =y =0
in the space of small parameters vz, v3, and 3. Here 613 = 1/22 + 4vs, 614 = V§ + 4es.
The classes are written in the form (fw((;lg)’ w(b14), w(sg)), where the function w is defined by (29)

Class Conditions
sgndiz | sgndia | sgnes
(f111) = (d11) 1
(fi12) = (da21) 1 1 -1
(f110) = (d01) (node) 0
(fi22) = (d22) -1 -1
(f211) 1
(f212) -1 1 —1
(f210) (focus) 0
(f222) —1 —1

|\

(f210)
__—— 4
Qo

\ @

A
(f212) (fa22)

Fig. 3. Phase portraits of the model system (43) corresponding to the classification
in Table 4. The case where the zero equilibrium is a focus (v3 + 4vs < 0).

Second case of double degeneracy. Let
ap = ag0 =0, azoaor #0, a0 # ao1- (46)
The truncated system derived from equations (20) has the form
i =az (c0+y), ¥=(mz+any+ pea®+asz’) - (0 +y), (47)
and under the change of variables
x = ago -, Yy — apy, (48)
reduces to the model system

T=agr-(e4+vy), U= (1/4:6 +y+uvsa? + x3) (ea+y), az#0,1, (49)
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where B
aio H1 H2
ag = —, | Z e s V5 = s E4 = ap1&0- (50)
ao1 Vaso Ya,
Denote by

62(0” b’ C) (51)
the discriminant of the cubic polynomial 23 4 ax? + bz + c.

REMARK 5. For the system (49), the transformation z — —z, y — —y, t — —t, is
equivalent to the substitution €4 — —ey4, v5 — —v5. This substitution changes the parameters
as g4 — —&4 and v — (v1, v4, V3, v2), while preserving the discriminant d91 := d2(vs5, Vg, —€4).
Therefore, without loss of generality, we assume vo > vy.

The classification of the system (49) is presented in Tables 5, 6 and in Fig. 4.

Table 5
Classification of the system (49) in a neighborhood of the node z =y =0
in the space of small parameters v4, vs, and 4. Here 021 = d2(vs, va, —€4).
The classes are written in the form (gw(&l), u,(521)), where the function w is defined by (29)

Class Conditions Example
(a>0)
a2 sgney | sgnder | €4 V4 Us
(11) 1 1 o [ a7 | 3a
(g12) = (a1) | a2 > 0, 1 -1 a’ o? a
(g21) az #1 -1 1 —a® | o | -3a
(g22) = (a1) | (node) -1 -1 o’ | o —a
(go1) 0 1 0 | -] «
(g02) = (ao) 0 -1 0 o? o
Table 6
Classification of the system (49) in a neighborhood of the saddle x = y = 0 in the space
of small parameters vy, vs, and e4. Here d21 = 02(vs, v4, —€4), no = —(1 — 3az) €4,
m = 11%?;‘122 V4, M2 = }:—Z’Z;‘ vs. The classes are written in the form (hZ?(’EZ‘L)’U’(&Ql))’

where v2 and v4 are the components of the separatrix-intersection vector (28),
and the function w is defined by (29)

Class Conditions Example (a > 0)
az sgney | sgnozi | v2 | va o 1 "2
(hi1) 1 2 |1 —6a° a? 4o
(h3Y) 1 3]0 6a’ 11a” 6
10X (3= Z
(hd9) -1 2 |1 |tk of | —3a? 0
(h39) = (c1) | a2<0 —1 110 40’ 5a” 2
(hg?) (saddle) 2|0 207 3a
(ho1) 0 1 1|1 0 —2a? a
00 2a” 2a
(h()l) 0 0 2—8a2+7a§ 1-2ag
(h53) = (co) -1 _[0]0 o? a

Theorem 3. In the classification of the system (49), all classes not listed in Tables 5
and 6 are empty:

(b)), (0i}), (hy3), (h3), (52)
(h33), (0i5), (bT3), (h3), (b), (hoa). (53)

The authors thank the two anonymous reviewers for their valuable comments.



Table 7
Model systems (a) — (h) derived from equations (20) for which the codimension of degeneracy does not exceed two.
The symbols a; denote new coefficients, while ¢; and v; denote new small parameters. The matrix M is defined by (22)
Gel?e.ral Truncated system Addl‘.m.onal Model system Ne
conditions conditions
& = (aor + ao1y) (g0 + v) det M >0 = (a1x—y)- (e1+v) 9
a 0 30 . dy >0 32 . a; >4 a
107 (30) ¥ = (@107 + ao1y) (€0 + y) trM #0 M (32) y=z-(e1+vy) 1 (a)
d 0 aj < 4 b
M= a1 # 0 (b)
&= (mz+y)-(e1+y)
det M <0 32 . ¢
(52) y=z-(e1+y) ©)
aip =0 56251036(504‘2/) $:a2x(€2+y) as >0
aip # ao1 (35) ¥ = (mz+ aory + azoz?)- aoao1 >0 B7) 9= (nrtyta?) ap # 1 (d)
azoao # 0 (g0 +y) (e2+y)
aipapr < 0 as <0 (e)
N T = (510$ + pu3x + Zimy)~
410 =0 (g0 +9) t=(rx+wmr+y) (e3+vy)
aip = ag1 (42) . - (43) . 2 (f)
y = (1 + any + poy+ y=(rsz+y+a?) (e3+y)
agoapr # 0 2
+aza”) - (g0 +y)
ayp =0 & = a0z (g0 +y) & = az1 (€4 +) az >0
az =0 47) 9= (mz +any+ aipagr >0 (49)  y= (naz+y+wvsa® + ay £ 1 ()
azpaor 7 0 +u2x? + agox®) (g0 + y) +23) - (ea +y)
510(101 <0 as <0 (h)

wnLIqIIbsy OLIJOWWASO ) © IvoN SWOISAG [RIIURUA(T JO UOIJRIYISSR]))
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P it X 2 CEE

(h3?) (hot) (ho?)

Fig. 4. Phase portraits of the model system (49) corresponding
to the classification in Tables 5 and 6.
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KJACCUPUMKAIINA TMHAMNYECKNUX CUCTEM
B OKPECTHOCTU KOCUMMETPUYHOI'O PABHOBECUSA

Kypakun JI. T.123 Kyprornan A. B.24
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Poccus, 363110, c. Muxaitmosckoe, yia. Buabsamca, 1

E-mail: kurakin@math.rsu.ru, aik_kurdoglyan@mail.ru

Awnnoraiusi. B oKpecTHOCTH KOCUMMETPUYHOTO PABHOBECHS IOCTPOEHA JIOKAIbHAsI KJIacCupuKaIus 1ud-
depeHnmaTbHBIX YPAaBHEHUI ¢ 06paTUMON KOCUMMETPHEHl ¥ BEKTOPHBIM [TaPAMETPOM B MIPEIIOJIOXKEHUN, 9TO
AJPO MaTPUIIBI JIUHEAPU3AIUA Ha KOCUMMETPUYHOM DaBHOBECHHU JIBYMEPHO, & BeCh €€ CIeKTD YCTONYMBOCTH,
3a MCKJIIOYEHHEM JIByKPATHOTO HYJIsI, YCTOMYUB. Y PABHEHHUS ¢ TAKMMH CBOHCTBaAMHM MMEIOT KOPa3MEPHOCTH 1
Cpeii Y€THOMEPHBIX CHCTEM C KOCHMMETPHUIHBIM paBHOBecHeM. Bo Bcex PACCMOTPEHHBIX CITyYasiX TaKas CACTe-
Ma 00JIaaeT COPSIMIISIEMBIM CEMEHCTBOM HEKOCMMMETPHUYHBIX PaBHOBeCHil BO/MM3M KocnmMmmeTpuaHoro. Kirac-
cuduKanyst IPOBeJIeHa 110 CJIELYIOIMM CBOMCTBAM: THI KOCUMMETPUYIHOrO paBHOBecust (y3es1, pokyc, cemo);
B3aMMHOE PACIOJIOKEHNE KOCUMMETPHIHOIO PABHOBECUS U CEMEHCTBA, (BKIIIOYas CIIyIail MPUHATIE?KHOCTH KO-
CHMMETPUYIHOTO PABHOBECUSI CEMEHCTBY ); IHMCJIO TPAHUYHBIX PABHOBECHUI 9TOTO CEMEHCTBa, PA3JIEIIONUX €0



102 Kurakin, L. G. and Kurdoglyan, A. V.

obsacT ycToHIMBOCTH M HeycTolduBocTh (K 3); 9IMCIIO mepecevdenuii KaxKJ0il u3 CenapaTrpuc KOCUMMETPHY-
HOT'O Ce/JI0BOro paBHOBecHs ¢ ceMmeiicrBoM (< 3). Kaxk/10e n3 9TUX CBOMCTB OlLpeIesIsiercsi IIOJMHOMHUAIbHBIMI
yeamoBusiMu. TakuM o6pa3oMm, KJiacCupuKalis CBeIeHa K BBIIEJIEHUIO TeX HADOPOB YCJIOBUIA, ITepeceyeHne Ko-
TOPBIX He mycTo. JJIsT KazK/10ro HaiiJIeHHOTO KJ1acCa IIPUBEIEHBI OIIPEIEISIONINE €0 OJMHOMUAIbHBIE YCIOBHUSI
¥ COOTBETCTBYIOIIUIN (DA30BbIil MOPTPeT. B HEOUEBUAHBIX C/IydasiX, CyIIeCTBOBAHNE KarKJIO0TO HEITYCTOIO KJIaCCa
YCTAHABJIMBAETCS MPEIbsIBJIEHUEM MACIITAOUPYEMOrO IIPUMEpPA, a IIYCTOTa OCTAJIBbHBIX KJIACCOB JIOKA3BIBAETCS
OTJIeJIbHBIMY yTBepKAeHUAME. Jlannas crarba npogomkaer paborsr [1, 2] Kypakuna JI. T'. u FOgosuua B. 1.,
rie ObLIN TTPOBEEHBI aHAJIOTUYHBIE UCCJIEOBAHUS] B OKPECTHOCTH HEKOCUMMETPUYHOTO PABHOBECHSI.
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