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Abstract. A local classification is developed in a neighborhood of a cosymmetric equilibrium for dif-
ferential equations with invertible cosymmetry and a vector parameter, under the assumption that the
kernel of the linearization matrix at the cosymmetric equilibrium is two-dimensional and that the entire
stability spectrum, except for the double zero eigenvalue, is stable. Equations with such properties are
of codimension one among even-dimensional systems with a cosymmetric equilibrium. In all cases, such
a system admits a straightenable family of non-cosymmetric equilibria near the cosymmetric one. The
classification is based on the following properties: the type of the cosymmetric equilibrium (node, focus,
saddle); the relative position of the cosymmetric equilibrium and the family (including the case where
the cosymmetric equilibrium belongs to the family); the number of boundary equilibria of the family
separating its stable and unstable regions (6 3); the number of intersections of each separatrix of the
cosymmetric saddle equilibrium with the family (6 3). Each property is determined by polynomial
conditions, and the classification therefore reduces to identifying sets of conditions with a non-empty
intersection. The defining polynomial conditions and corresponding phase portraits are presented for each
identified class. The existence of each nonempty class is established by a scalable example for non-obvious
cases, while the emptiness of the remaining classes is established separately. This work continues the studies
of L. G. Kurakin and V. I. Yudovich [1, 2], where analogous results were obtained in the neighborhood
of a non-cosymmetric equilibrium.
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1. Problem Statement

The theory of cosymmetry was founded by V. I. Yudovich [3] to explain an unusual effect
in the problem of plane filtration convection posed by D. V. Lyubimov [4]. According to his
definition, a mapping L : H ×Λ → H in the Euclidean space H = R

n, Λ ⊂ R
m is called a co-
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symmetry of a mapping F : H × Λ → H, or of the differential equation

u̇ = F (u, λ), u ∈ H, λ ∈ Λ, (1)

if F and L are orthogonal at every point u ∈ H for any fixed value of the parameter λ ∈ Λ.

Let u = u0 ∈ H be an equilibrium of system (1) at λ = λ0 ∈ Λ. This equilibrium is called
cosymmetric if it is also a zero of the cosymmetry:

F (u0, λ0) = L(u0, λ0) = 0.

In what follows, we assume that the mappings F and L are analytic. If given equilibrium
of the system is non-cosymmetric with respect to a specified cosymmetry, then, in the absence
of additional degeneracies, it belongs to an analytic family of equilibria. As later shown by
L. G. Kurakin [5], the converse also holds. In the neighborhood of a cosymmetric equilibrium,
V. I. Yudovich studied the properties of cosymmetry in a sufficiently general form for
applications to the filtration convection problem. In particular, for a system with a real
parameter, the cosymmetry was assumed to be a linear skew -symmetric operator L∗ = −L

independent of the parameter. For an odd-dimensional system, such an operator is non-
invertible. By replacing the skew-symmetry of a linear cosymmetry with the less degenerate
requirement of its local invertibility, and by allowing the cosymmetry to be a nonlinear
operator depending on a real parameter, we are led to the problem of analyzing the bifurcations
of the system in a neighborhood of a cosymmetric equilibrium.

This study was carried out in [6] using the Lyapunov–Schmidt method [7], where it was
shown that the dimension of the kernel of the linearization at a cosymmetric equilibrium has
the same parity as the dimension n of the original system. Moreover, in an odd-dimensional
system with one-dimensional kernel, the cosymmetric equilibrium belongs to an analytic family
of equilibria. Consequently, according to the results of [5], the original system also admits
another cosymmetry for which this equilibrium is non-cosymmetric. Bifurcations in even-
dimensional systems with a two-dimensional kernel were described. Thus, the problem arises
of a more detailed study of system (1) by means of the center manifold method [8] under the
following assumptions:

1◦. n is even.

2◦. The point u0 is an equilibrium of system (1) for all λ:

F (u0, λ) = 0 ∀λ ∈ Λ.

3◦. The equilibrium u0 is cosymmetric for all λ:

L(u0, λ) = 0 ∀λ ∈ Λ.

4◦. The cosymmetry L(u, λ) is invertible in a neighborhood of the point u = u0 for all
λ ∈ Λ.

5◦. The Jacobian of F at (u0, 0) has a two-dimensional kernel:

dimkerF0 = 2, F0 :=
dF (u, 0)

du

∣∣∣∣
u=u0

.

6◦. The entire stability spectrum of the matrix F0, except for the double zero eigenvalue,
lies strictly in the left half-plane.
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Under assumptions 1◦– 6◦, the center-manifold reduction of system (1) yields the following
two-dimensional system of differential equations in the Euclidean space:

ẋ = f(x, y, λ), ẏ = g(x, y, λ) (2)

with variables (x, y) ∈ Ω ⊂ R
2 and m-dimensional (m > 1) parameter λ ∈ Λ ⊂ R

m, defined
in a small neighborhood of the point 0 ∈ V := Ω× Λ.

Remark 1. In this paper, the theory of the center manifold is invoked only insofar as
it allows the reduction of the original higher-dimensional system (1) to the two-dimensional
system (2). Moreover, one may instead begin with the two-dimensional system (2) and develop
the classification for it, reducing the higher-dimensional case to the two-dimensional one by
means of the center manifold theory under assumptions 1◦– 6◦.

Let the mapping

L◦ : V → R
2 : (x, y, λ) 7→

(
L1(x, y, λ)
L2(x, y, λ)

)

denote the cosymmetry of system (2) inherited from system (1) via the center-manifold
reduction:

f(x, y, λ)L1(x, y, λ) + g(x, y, λ)L2(x, y, λ) = 0, (x, y, λ) ∈ V. (3)

We further assume that system (2) satisfies the following properties:
1⋄. The mappings f , g, L1, and L2 are analytic in the neighborhood V .
2⋄. System (2) has the zero equilibrium for all λ ∈ Λ, so that the functions f and g : V → R

satisfy the condition
f(0, 0, λ) = g(0, 0, λ) = 0, λ ∈ Λ. (4)

3⋄. The equilibrium x = y = 0 is cosymmetric for all λ ∈ Λ, so that the equality

L◦(0, 0, λ) = 0, λ ∈ Λ, (5)

is satisfied.
4⋄. The cosymmetry L◦ is locally invertible in a neighborhood of the point x = y = 0

at λ = 0:

detB 6= 0, B :=

(
∂L1(x,y,0)

∂x
∂L1(x,y,0)

∂y
∂L2(x,y,0)

∂x
∂L2(x,y,0)

∂y

)∣∣∣∣∣
x=y=0

. (6)

5⋄. The linearization matrix A of system (2), (4) at the zero equilibrium for λ = 0 has
the two-dimensional kernel:

dimkerA = 2, A :=

(
∂f(x,y,0)

∂x
∂f(x,y,0)

∂y
∂g(x,y,0)

∂x
∂g(x,y,0)

∂y

)∣∣∣∣∣
x=y=0

= 0. (7)

Remark 2. Properties 2⋄– 5⋄ are inherited by system (2) from system (1). Property 1⋄,
however, need not be inherited. Indeed, even if the mappings in the original system are
analytic, the center manifold may fail to be analytic. For the results obtained below,
the analyticity assumption on the subsequent mappings, as well as on the functions f , g,
L1, and L2, is adopted merely for convenience and is not essential. Throughout the paper,
analyticity may be replaced by C4-regularity.
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2. Effect of Cosymmetry on the System’s Structure

The following theorem states.

Theorem 1. Under assumptions 1⋄– 5⋄, system (2) can be written in the form

ẋ = −L2(x, y, λ)h(x, y, λ), ẏ = L1(x, y, λ)h(x, y, λ), (8)

where the function h : V → R is analytic in the neighborhood V and satisfies

h(0, 0, 0) = 0. (9)

⊳ According to the inverse function theorem, conditions (5) and (6) imply that the system
of equations

K1 = L1(x, y, λ), K2 = L2(x, y, λ),

has a unique solution
x = X(K1,K2, λ), y = Y (K1,K2, λ),

which is analytic in the variables K1, K2 and in the parameter λ in a small neighborhood
of the origin. Substituting this solution into the identity (3) and viewing it as an identity
in the variables K1 and K2, we obtain

K1f1(K1,K2, λ) +K2g1(K1,K2, λ) = 0, (10)

where f1 and g1 are analytic functions of K1, K2 and the parameter λ in a neighborhood
of the origin:

f1(K1,K2, λ) := f (X(K1,K2, λ), Y (K1,K2, λ), λ) ,

g1(K1,K2, λ) := g (X(K1,K2, λ), Y (K1,K2, λ), λ) .

It follows that f1(K1, 0, λ) = g1(0,K2, λ) = 0 for all sufficiently small values of K1, K2, and λ.
Hence, the functions f1 and g1 can be written in the form

g1(K1,K2, λ) = K1h1(K1,K2, λ), f1(K1,K2, λ) = −K2h2(K1,K2, λ),

where h1 and h2 are analytic functions of K1, K2, and the parameter λ in a neighborhood
of the origin. It follows from the identity (10) that h1 = h2.

Thus, equations (2) can be rewritten in the form (8), where the function h is defined by

h(x, y, λ) := h1(L1(x, y, λ), L2(x, y, λ), λ)

and is analytic in the neighborhood V .
Now let us prove that h(0, 0, 0) = 0. It follows from (2) and (8) that

h(x, y, λ) =
g(x, y, λ)

L1(x, y, λ)
.

By the analyticity of the functions g and L1, from condition (4) and assumptions 4⋄ and 2⋄

we obtain the following asymptotic expansions for small x, y и λ:

L1(x, y, λ) = l1x+ l2y +O
(
x2 + y2 + (|x|+ |y|) · |λ|

)
,

g(x, y, λ) = O
(
x2 + y2 + (|x|+ |y|) · |λ|

)
.

It follows from the condition detB 6= 0 that l21 + l22 6= 0. Taking the limit, we obtain the
equality (9):

h(0, 0, 0) = lim
x→0

g(x, 0, 0)

L1(x, 0, 0)
= lim

x→0

O(x2)

l1x+O(x2)
= 0 (l1 6= 0),

h(0, 0, 0) = lim
y→0

g(0, y, 0)

L1(0, y, 0)
= lim

y→0

O(y2)

l2y +O(y2)
= 0 (l2 6= 0). �
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Theorem 1 reduces the problem of studying the properties of the original system (2), (4)
under assumptions 1⋄– 5⋄ to system (8), in which the functions L1, L2, and h are analytic
in the neighborhood V and satisfy the conditions (5), (6), and (9).

The phase portrait of the system (8) for each fixed value of λ can be constructed by
combining the phase portrait of the equations

ẋ = −L2(x, y, λ), ẏ = L1(x, y, λ), (11)

with the set of equilibria S of the system (8):

S := {x, y ∈ Ω : h(x, y, λ) = 0} . (12)

The system (8) always possesses the cosymmetric zero equilibrium. Each of its nonzero
equilibria is noncosymmetric, lies on some phase trajectory of the system (11), and separates
it into two parts, which are trajectories of the system (8). In the region where h(x, y, λ) < 0,
the directions of motion along the phase trajectories of the systems (8) and (11) are opposite.

3. Stability of Equilibria

The linearization matrix of the system (8) at an equilibrium (x, y) = (α, β) of the
family (12) has the form

A (α, β, λ) =




−L2(α, β, λ)
∂h(x,β,λ)

∂x

∣∣∣
x=α

−L2(α, β, λ)
∂h(α,y,λ)

∂y

∣∣∣
y=β

L1(α, β, λ)
∂h(x,β,λ)

∂x

∣∣∣
x=α

L1(α, β, λ)
∂h(α,y,λ)

∂y

∣∣∣
y=β


 . (13)

The eigenvalues of the matrix A (α, β, λ) are zero, and its trace is given by

N := trA (α, β, λ). (14)

In particular, A (0, 0, λ) = 0, so that dimkerA (0, 0, λ) = 2.
Consider the equilibria (12) with x2 + y2 6= 0. If N 6= 0, then dimkerA (α, β, λ) = 1,

and, according to the cosymmetric version of the implicit function theorem [3], each nonzero
equilibrium of the family (12) is nonisolated and belongs to the one-parameter family
of equilibria. The equilibria of (12) with N > 0 are unstable. When N < 0, the stability
problem for the equilibria of the family (12) of the system (8) corresponds to the critical
case of a simple zero eigenvalue. This case was studied by Lyapunov A. M. (see [9], Theorem
of Section 32, degenerate case). According to his results, the equilibria of the family (12)
with N < 0 are the Lyapunov stable and asymptotically stable in the directions transverse
to the family S. In the present work, for N = 0, a situation arises where the linearization
matrix A (α, β, λ) has a double zero eigenvalue, while dimkerA (α, β, λ) = 1. In this case, the
equilibrium (α, β), called a boundary equilibrium [6], is non-isolated, and its stability problem
requires a nonlinear analysis. This boundary equilibrium locally separates the family S into
two arcs, each of which consists entirely of either linearly stable or linearly unstable equilibria.

4. Model Systems and the Principle of Their Classification

In addition to assumptions 1⋄– 5⋄, let the following condition hold for the system (8):
6⋄. The inequality

h210 + h201 6= 0, (15)



Classification of Dynamical Systems Near a Cosymmetric Equilibrium 91

is satisfied, where

h10 := ∂h(x,y,0)
∂x

∣∣∣
x=y=0

, h01 := ∂h(x,y,0)
∂y

∣∣∣
x=y=0

.

Without loss of generality, assume that

h01 6= 0. (16)

The case h10 6= 0 can be reduced to this one by interchanging x ↔ y and f ↔ g.
Let ε0 := h(0, 0, λ). The change of variables

x → x, y → h(x, y, λ) − ε0 (17)

in the system (8) brings the function h to the form ε0+y, thereby straightening the family (12).
Expanding the right-hand side of the resulting system in the Taylor series in the variables

x and y, we write it in the asymptotic form as |x|+ |y|+ |λ| → 0:

ẋ =
[
f0(x, y, µ) +O

(
f̃(x, y, λ)

)]
· (ε0 + y),

ẏ =
[
g0(x, y, µ) +O(g̃(x, y, λ))

]
· (ε0 + y),

(18)

where
f0(x, y, µ) := (ã10 + µ3)x+ ã01 y,

g0(x, y, µ) := (a10 + µ1)x+ (a01 + µ0) y + (a20 + µ2)x
2 + a30 x

3,
(19)

and
f̃(x, y, λ) := x2 + y2 + |y| · |λ|+ |x| · |λ|2,

g̃(x, y, λ) := |x|4 + |xy|+ y2 + (|x|3 + |y|) · |λ|+ |x| · |λ|2.
The quantities ã10, ã01, a10, a01, a20, a30 are real coefficients of the system (18). Let
µ := (ε0, µ0, µ1, µ2, µ3) denote a new small parameter whose components are functions of
the m-dimensional parameter λ. We assume that the five components of µ are independent.
This situation occurs in the generic case when m > 5.

Neglecting in (18) the terms insignificant for further consideration, we obtain the system:

ẋ = f0(x, y, µ) · (ε0 + y), ẏ = g0(x, y, µ) · (ε0 + y). (20)

Its cosymmetry

L̂(x, y, µ) :=

(
g0(x, y, µ)

−f0(x, y, µ)

)

is invertible and vanishes at the equilibrium x = y = 0. Thus, system (20) with cosymmetry L̂

satisfies assumptions 1⋄– 6⋄.
Note that the symmetry between the variables x and y in system (20) is broken due

to condition (16) and the transformation (17).
The further analysis of equations (8) reduces to the study of system (20), whose coefficients

and small parameters can be regarded as arbitrary, provided that they satisfy the inequality
detB = ã10a01 − ã01a10 6= 0, where the matrix B, according to definition (6), has the form

B =

(
a10 a01

−ã10 −ã01

)
.

The system corresponding to equations (11) takes the form:

ẋ = f0(x, y, µ), ẏ = g0(x, y, µ). (21)
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The linearization matrix

M :=




∂f0(x,y,0)
∂x

∂f0(x,y,0)
∂y

∂g0(x,y,0)
∂x

∂g0(x,y,0)
∂y



∣∣∣∣∣∣
x=y=0

=

(
ã10 ã01
a10 a01

)
(22)

of the system (21) at the zero equilibrium for µ = 0 is invertible, since detM = detB 6= 0.

The classification of the zero equilibrium of system (21) in generic case

detM 6= 0, trM 6= 0, dM := tr2M − 4 detM 6= 0 (23)

is as follows:

Node: detM > 0, dM > 0; (24)

Focus: detM > 0, dM < 0; (25)

Saddle: detM < 0. (26)

The invariants (23) are expressed by the formulas:

detM = ã10a01 − ã01a10, trM = ã10 + a01,

dM = (ã10 − a01)
2 + 4ã01a10.

The linearization matrix of the system (20) along the family of equilibria y = −ε0 has
the form (

0 f0(x,−ε0, µ)
0 g0(x,−ε0, µ)

)
.

Setting the eigenvalue g0(x,−ε0, µ) equal to zero, we obtain the cubic equation

(a10 + µ1)x+ (a20 + µ2)x
2 + a30 x

3 = (a01 + µ0) ε0, (27)

which determines the boundary equilibria (x,−ε0) of the family y = −ε0. These equilibria
separate the family y = −ε0 into several connected sets of the type interval or ray, within each
of which the equilibria are either linearly stable or unstable. If the multiplicity of at least one
of these roots is greater than one, then when passing from the system (20) to equations (18),
the number of boundary equilibria may, in general, change. In the generic case, all real roots
of the polynomial (27) are simple. The number of such real roots is determined solely by the
nondegeneracy conditions.

We construct a classification of the system (20) according to the following set of properties,
which are preserved under the perturbation of the system (20) to (18):

1∗ Type of the cosymmetric equilibrium of (11): node / focus / saddle.
2∗ Number of boundary equilibria of the family y = −ε0 of (8): 0 / 1 / 2 / 3.

3∗ Relative position of the cosymmetric equilibrium x = y = 0 and the family y = −ε0.
The family y = −ε0 lies in the lower half-plane, on the x-axis, or in the upper half-plane:
sgn ε0 = 1 \ 0 \ −1.

4∗ Vector of separatrix intersections (only for a saddle equilibrium):

v := (v1, v2, v3, v4), (28)

where the j-th component denotes the number of intersections of the j-th separatrix of the
saddle of the system (21) with the equilibrium family y = −ε0. The separatrices are numbered
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counterclockwise around a sufficiently small circle centered at the origin, starting from the
vector (x, y) = (0, 1) (inclusive).

For example, v = (0, 1, 1, 0) in Fig. 1 (c1), and v = (0, 0, 0, 0) in Fig. 1 (c0).

In the sequel we impose nondegeneracy conditions on the coefficients of (20) on which
properties 1∗ and 2∗ depend. These properties also depend on certain small parameters of (20).
Setting the remaining coefficients and small parameters to zero yields a truncated system. By
further simplifying the truncated system via invertible changes of variables and time rescaling
we obtain a model system. Considering each model system under all nondegenerate relations
among its small parameters, we classify the model systems according to properties 1∗– 4∗.
Degenerate parameter relations, i. e. relations for which at least one of the properties 1∗– 4∗

of the model system ceases to persist under the passage first to the system (20) and then
to its perturbation (18), are omitted. Moreover, two systems are regarded as belonging to

the same class if they coincide up to an invertible analytic change of variables x, y, a time

reparametrization t (including time reversal), and a reparametrization of µ.
Table 7 lists all truncated and model systems considered in this work.

Class names are formed as follows:

1) Choose the letter (a)– (h) of the model system (see Table 7) to which the class belongs.

2) Append indices corresponding to the discriminating signs of certain functions of the
parameter µ. Instead of the usual sign function sgnx we use the function w defined by

w(x) :=





1, x > 0,

0, x = 0,

2, x < 0,

(29)

3) If the equilibrium x = y = 0 is a saddle, append indices corresponding to the separatrix
intersection vector v to the model system letter (a)–(h).

5. Classification of the System (20) by the Codimension of Degeneracy

Generic Case. Assume that a10 6= 0. The truncated system derived from equations (20)
has the form:

ẋ = (ã10x+ ã01y) · (ε0 + y), ẏ = (a10x+ a01y) · (ε0 + y). (30)

The change of variables

x → a10x+ a01y, y →
√

|detM | · y, (31)

reduces it to the model system

ẋ = (a1x− s1y) · (ε1 + y), ẏ = x · (ε1 + y), a1 6= 0, s1 = ±1, (32)

where

a1 :=
trM√
|detM |

, s1 := sgn detM, ε1 :=
ε0√

|detM |
. (33)

Remark 3. The system (32) retains its form under the transformation x → −x, y → −y,
t → −t, ε1 → −ε1. Therefore, without loss of generality, we may assume that ε1 > 0.

The classification of system (32) is presented in Table 1 and the corresponding Fig. 1.
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Table 1
Classification of system (32) in a neighborhood of the equilibrium x = y = 0

Class Conditions
s1, a1 sgn ε1

(a1) s1 = 1, a2
1 > 4 1

(a0) (node) 0

(b1) s1 = 1, a2
1 < 4 1

(b0) (focus) 0

(c1) s1 = −1 1
(c0) (saddle) 0

(a1)  (a0)  

(b1)  (b0)  

(c1)  (c0)  

Fig. 1. Phase portraits of the model system (32) corresponding to the classification in Table 1.
Here: ⋄ \ ◦ — cosymmetric \ non-cosymmetric equilibrium;◦\• \• — stable \ boundary \ unstable equilibrium; dashed lines

are separatrices of the saddle equilibrium of system (32).

Case of a Single Degeneracy. Let

a10 = 0, a20a01 6= 0, ã10 6= a01. (34)

The system truncated from equations (20) and given by

ẋ = ã10x · (ε0 + y), ẏ = (µ1x+ a01y + a20x
2) · (ε0 + y), (35)

is transformed, by a change of variables and, when a20 < 0, a reversal of time,

x →
√

|a20|x, y → a01 sgn a20 · y, t → sgn a20 · t, (36)
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to the model system

ẋ = a2x · (ε2 + y), ẏ =
(
ν1x+ y + x2

)
· (ε2 + y), a2 6= 0, 1. (37)

The coefficient and parameters of the model system (37) are given by

a2 :=
ã10

a01
, ν1 :=

sgn a20√
|a20|

· µ1, ε2 := a01 sgn a20 · ε0. (38)

Let us denote by

δ1(a, b) := a2 − 4b (39)

the discriminant of the polynomial x2 + ax+ b.

Remark 4. The substitution x → −x in (37) changes only the parameter ν1 and the
intersection vector:

ν1 → −ν1, v → (v1, v4, v3, v2).

The analytical classification of the system (37) is summarized in Tables 2 and 3, and the
corresponding phase portraits are shown in Fig. 3.

Theorem 2. In the classification of (37), all classes not appearing in Tables 2 and 3 are

empty:

(d12), (d02), (e211), (e112), (e212), (e201), (e102), (e202), (e122). (40)

Table 2

Classification of the system (37) in a neighborhood of the node x = y = 0 in the space
of small parameters ν1 and ε2. Here δ11 = ν2

1 + 4ε2. The classes are written
in the form

(

dw(ε2), w(δ11)

)

, where the function w is defined by (29)

Class Conditions Example
(α 6= 0)

a2 sgn ε2 sgn δ11 ε2 ν1
(d11) a2 > 0 1 1 α2 α

(d21) a2 6= 1 −1 −α2 3α
(d01) (node) 0 0 α

(d22) −1 −1 −α2 α

Table 3

Classification of the system (37) in a neighborhood of the saddle x = y = 0
in the space of small parameters ν1 and ε2. Here δ11 = ν2

1 + 4ε2,

δ12 = 1−2a2

(1−a2)2
ν2
1 + 4ε2. The classes are written in the form

(

e
w(δ12)

w(ε2),w(δ11)

)

,

where the function w is defined by (29)

Class Conditions Example (α 6= 0)
a2 sgn ε2 sgn δ11 sgn δ12 ε2 ν1

(e111) 1 α2 α

(e121) a2 < 0 −1 1 1 −(1− 2a2)α
2 3 (1− a2)α

(e101) (saddle) 0 0 α

(e221) −1 1 −1 2 (a2
2 − 2 (1− a2)

2)α2 4 (1− a2)α
(e222) −1 −1 −1 −α2 α



96 Kurakin, L. G. and Kurdoglyan, A. V.

   

(d11) (d01) (d21)

   

(d22) (e111) (e101)

   

(e121) (e221) (e222)

Fig. 2. Phase portraits of the model system (37) corresponding
to the classification in Tables 2 and 3.

First Case of Double Degeneracy. Let

a10 = 0, ã10 = a01, a20a01ã01 6= 0. (41)

The system, truncated from equations (20), is given by

ẋ = ((a01 + µ3)x+ ã01y) · (ε0 + y), ẏ = (µ1x+ (a01 + µ0) y + a20x
2) · (ε0 + y), (42)

and can be reduced to the form

ẋ = (x+ ν2x+ y) · (ε3 + y), ẏ =
(
ν3x+ y + x2

)
· (ε3 + y), (43)

by a change of variables and of time, and by time reversal, when a20 < 0:

x → a20 ã01

(a01 + µ0)2
· x, y → a20 ã

2
01

(a01 + µ0)3
· y, t → (a01 + µ0)

4

a20 ã
2
01

· t. (44)

The parameters ν2, ν3, and ε3 are determined by

ν2 :=
µ3 − µ0

a01 + µ0
, ν3 :=

ã01µ1

(a01 + µ0)2
, ε3 :=

a20 ã
2
01 ε0

(a01 + µ0)3
. (45)

The classification of the system (43) is presented in Table 4 and illustrated in Fig. 3.
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Table 4
Classification of the system (43) in a neighborhood of the equilibrium x = y = 0

in the space of small parameters ν2, ν3, and ε3. Here δ13 = ν2
2 + 4ν3, δ14 = ν2

3 + 4ε3.
The classes are written in the form

(

fw(δ13), w(δ14), w(ε3)

)

, where the function w is defined by (29)

Class Conditions
sgn δ13 sgn δ14 sgn ε3

(f111) = (d11) 1
(f112) = (d21) 1 1 −1
(f110) = (d01) (node) 0
(f122) = (d22) −1 −1

(f211) 1
(f212) −1 1 −1
(f210) (focus) 0
(f222) −1 −1

(f211)  (f210)  

(f212)  (f222)  

Fig. 3. Phase portraits of the model system (43) corresponding to the classification
in Table 4. The case where the zero equilibrium is a focus (ν2

2 + 4ν3 < 0).

Second case of double degeneracy. Let

a10 = a20 = 0, a30a01 6= 0, ã10 6= a01. (46)

The truncated system derived from equations (20) has the form

ẋ = ã10x · (ε0 + y), ẏ =
(
µ1x+ a01y + µ2x

2 + a30x
3
)
· (ε0 + y), (47)

and under the change of variables

x → 3
√
a30 · x, y → a01y, (48)

reduces to the model system

ẋ = a2x · (ε4 + y), ẏ =
(
ν4x+ y + ν5x

2 + x3
)
· (ε4 + y), a2 6= 0, 1, (49)
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where

a2 :=
ã10

a01
, ν4 :=

µ1

3
√
a30

, ν5 :=
µ2

3
√

a230
, ε4 := a01ε0. (50)

Denote by
δ2(a, b, c) (51)

the discriminant of the cubic polynomial x3 + ax2 + bx+ c.

Remark 5. For the system (49), the transformation x → −x, y → −y, t → −t, is
equivalent to the substitution ε4 → −ε4, ν5 → −ν5. This substitution changes the parameters
as ε4 → −ε4 and v → (v1, v4, v3, v2), while preserving the discriminant δ21 := δ2(ν5, ν4,−ε4).
Therefore, without loss of generality, we assume v2 > v4.

The classification of the system (49) is presented in Tables 5, 6 and in Fig. 4.

Table 5
Classification of the system (49) in a neighborhood of the node x = y = 0
in the space of small parameters ν4, ν5, and ε4. Here δ21 = δ2(ν5, ν4,−ε4).

The classes are written in the form
(

gw(ε4), w(δ21)

)

, where the function w is defined by (29)

Class Conditions Example
(α > 0)

a2 sgn ε4 sgn δ21 ε4 ν4 ν5

(g11) 1 1 α3 α2 3α
(g12) = (a1) a2 > 0, 1 −1 α3 α2 α

(g21) a2 6= 1 −1 1 −α3 α2 −3α
(g22) = (a1) (node) −1 −1 −α3 α2 −α

(g01) 0 1 0 −α2 α

(g02) = (a0) 0 −1 0 α2 α

Table 6
Classification of the system (49) in a neighborhood of the saddle x = y = 0 in the space

of small parameters ν4, ν5, and ε4. Here δ21 = δ2(ν5, ν4,−ε4), η0 = −(1− 3a2) ε4,
η1 = 1−3a2

1−a2
ν4, η2 = 1−3a3

1−2a2
ν5. The classes are written in the form

(

hv2,v4
w(ε4), w(δ21)

)

,

where v2 and v4 are the components of the separatrix-intersection vector (28),
and the function w is defined by (29)

Class Conditions Example (α > 0)
a2 sgn ε4 sgn δ21 v2 v4 η0 η1 η2

(h21
11) 1 2 1 −6α3 α2 4α

(h30
21) 1 3 0 6α3 11α2 6α

(h10
21) −1 2 1

4 a4
2 (3−a2)

2

(1−3a2)2
α3 −3α2 0

(h10
22) = (c1) a2 < 0 −1 1 0 4α3 5α2 2α
(h20

01) (saddle) 2 0 2α2 3α
(h11

01) 0 1 1 1 0 −2α2 α

(h00
01) 0 0 2α2

2−8a2+7a2
2

2α
1−2a2

(h00
02) = (c0) −1 0 0 α2 α

Theorem 3. In the classification of the system (49), all classes not listed in Tables 5
and 6 are empty:

(h3011), (h1011), (h1012), (h2121), (52)

(h3022), (h3012), (h2112), (h2122), (h2002), (h1102). (53)

The authors thank the two anonymous reviewers for their valuable comments.
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Table 7
Model systems (a) — (h) derived from equations (20) for which the codimension of degeneracy does not exceed two.

The symbols aj denote new coefficients, while εj and νj denote new small parameters. The matrix M is defined by (22)

General
conditions

Truncated system
Additional
conditions

Model system №

a10 6= 0 (30)
ẋ = (ã10x+ ã01y) (ε0 + y)
ẏ = (a10x+ a01y) (ε0 + y)

detM > 0
trM 6= 0

dM > 0 (32)
ẋ = (a1x− y) · (ε1 + y)
ẏ = x · (ε1 + y)

a21 > 4 (a)

dM < 0
a21 < 4
a1 6= 0

(b)

detM < 0 (32)
ẋ = (a1x+ y) · (ε1 + y)
ẏ = x · (ε1 + y)

(c)

a10 = 0
ã10 6= a01
a20a01 6= 0

(35)

ẋ = ã10x (ε0 + y)
ẏ = (µ1x+ a01y + a20x

2)·
·(ε0 + y)

ã10a01 > 0 (37)

ẋ = a2x (ε2 + y)
ẏ =

(
ν1x+ y + x2

)
·

·(ε2 + y)

a2 > 0
a2 6= 1

(d)

ã10a01 < 0 a2 < 0 (e)

a10 = 0
ã10 = a01
a20a01 6= 0

(42)

ẋ = (ã10x+ µ3x+ ã01y)·
·(ε0 + y)

ẏ = (µ1x+ a01y + µ0y+
+a20x

2) · (ε0 + y)

— (43)
ẋ = (x+ ν2x+ y) (ε3 + y)
ẏ =

(
ν3x+ y + x2

)
(ε3 + y)

(f)

a10 = 0
a20 = 0

a30a01 6= 0
(47)

ẋ = ã10x (ε0 + y)
ẏ = (µ1x+ a01y+

+µ2x
2 + a30x

3) (ε0 + y)
ã10a01 > 0 (49)

ẋ = a2x (ε4 + y)
ẏ =

(
ν4x+ y + ν5x

2 +
+x3

)
· (ε4 + y)

a2 > 0
a2 6= 1

(g)

ã10a01 < 0 a2 < 0 (h)



100 Kurakin, L. G. and Kurdoglyan, A. V.

   

(g11) (g01) (g21)

   

(h2111) (h2001) (h3021)

   

(h1021) (h1101) (h0001)

Fig. 4. Phase portraits of the model system (49) corresponding
to the classification in Tables 5 and 6.
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Аннотация. В окрестности косимметричного равновесия построена локальная классификация диф-
ференциальных уравнений с обратимой косимметрией и векторным параметром в предположении, что
ядро матрицы линеаризации на косимметричном равновесии двумерно, а весь ее спектр устойчивости,
за исключением двукратного нуля, устойчив. Уравнения с такими свойствами имеют коразмерность 1
среди четномерных систем с косимметричным равновесием. Во всех рассмотренных случаях такая систе-
ма обладает спрямляемым семейством некосимметричных равновесий вблизи косимметричного. Клас-
сификация проведена по следующим свойствам: тип косимметричного равновесия (узел, фокус, седло);
взаимное расположение косимметричного равновесия и семейства (включая случай принадлежности ко-
симметричного равновесия семейству); число граничных равновесий этого семейства, разделяющих его
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области устойчивости и неустойчивости (6 3); число пересечений каждой из сепаратрис косимметрич-
ного седлового равновесия с семейством (6 3). Каждое из этих свойств определяется полиномиальными
условиями. Таким образом, классификация сведена к выделению тех наборов условий, пересечение ко-
торых не пусто. Для каждого найденного класса приведены определяющие его полиномиальные условия
и соответствующий фазовый портрет. В неочевидных случаях, существование каждого непустого класса
устанавливается предъявлением масштабируемого примера, а пустота остальных классов доказывается
отдельными утверждениями. Данная статья продолжает работы [1, 2] Куракина Л. Г. и Юдовича В. И.,
где были проведены аналогичные исследования в окрестности некосимметричного равновесия.

Ключевые слова: дифференциальное уравнение, равновесие, косимметрия, классификация.
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