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1. Introduction

Boundary value problems (BVPs) for complex partial differential equations have attracted
significant attention due to their relevance in mathematical physics, engineering, and complex
function theory. Among the fundamental equations in this context are the Cauchy–Riemann
and higher-order polyanalytic equations, which admit rich boundary behavior and integral
representations. Numerous studies have addressed boundary value problems in complex plane,
see [1–13].

In recent years, particular focus has been placed on solving boundary value problems
for model equations in nonstandard domains. For instance, the Schwarz and the Dirichlet
problems in triangular geometries have been considered by Darya and Taghizadeh [14], Wang
and Wang [9], as well as Akel et al. [15], who developed integral representations under various
geometric and analytical constraints. Moreover, the works of Begehr and collaborators [1, 4,
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5] have provided a comprehensive framework of integral operators and function spaces for
generalized analytic structures, including polyanalytic and bi-polyanalytic functions.

Additional insights into boundary properties and solvability for higher-order elliptic and
the Sobolev-type equations have recently been developed in [15–19], further enriching the
theoretical framework relevant to the present study. Building on these foundations, the present
paper investigates the Dirichlet and the Schwarz-type boundary value problems for both
the inhomogeneous Cauchy–Riemann and polyanalytic equations within a triangular domain
defined as the intersection of three disks.
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Fig. 1. Triangular domain T bounded by arcs of three circles.

Let T be a triangular domain in the complex plane C defined by

T =
{

z ∈ C : |z − ǫk| <
√
2, k = 1, 2, 3

}

,

where

ǫ1 = 1, ǫ2 = −1, ǫ3 = −i
√
3.

The sets

C1 =
{

z ∈ C : |z − 1| =
√
2
}

, C2 =
{

z ∈ C : |z + 1| =
√
2
}

,

C3 =
{

z ∈ C : |z + i
√
3| =

√
2
}

represent three circles in the complex plane centered at ǫ1, ǫ2, and ǫ3, each of radius
√
2.

The triangular domain T is the common intersection of the interiors of these three circles, as
illustrated in Fig. 1. The boundary of T , denoted by ∂T , consists of three circular arcs. The
vertices of T are given by

a = −1

2

(√
3− 1

)

(1 + i), b =
1

2

(√
3− 1

)

(1− i), c = −i,

which correspond to the pairwise intersections of C1, C2, and C3.



48 Karaca, B.

2. The Dirichlet Problem for Polyanalytic Functions

In this section, we investigate the Dirichlet boundary value problem for polyanalytic
functions of order n in a bounded domain T ⊂ C. Polyanalytic functions, which are natural
generalizations of analytic and harmonic functions, satisfy higher-order equations involving
repeated applications of the Cauchy–Riemann operator. Our aim is to determine necessary
and sufficient conditions for the solvability of the Dirichlet problem associated with such
equations and to construct explicit integral representations of the solutions under suitable
assumptions on the boundary data and the inhomogeneous term. We begin with the classical
case n = 1, corresponding to the inhomogeneous Cauchy–Riemann equation, and then extend
the results to arbitrary order n.

Theorem 2.1 [14]. The Dirichlet problem for the homogeneous Cauchy–Riemann equa-

tion in T
ωz̄ = 0 in T, ω = γ on ∂T, (1)

with given γ ∈ C(∂T ;C), is solvable if and only if

1

2πi

∫

∂T

γ(ζ)K2(z, ζ) dζ = 0, (2)

and for z ∈ T the unique solution can be presented as

ω(z) =
1

2πi

∫

∂T

γ(ζ)K1(z, ζ) dζ, (3)

where

K1(z, ζ) =
4

∑

k=1

1

ζ − zk
, K2(z, ζ) =

8
∑

k=5

1

ζ − zk
, ζ = ξ + iη, (4)

and the points zk are given by

z1 = z, z2 = −1

z
, z3 =

−(1 + i
√
3)z + 1− i

√
3

(1− i
√
3)z + 1 + i

√
3

, z4 =
(i
√
3− 1)z − 1− i

√
3

(−1 + i
√
3)z + 1− i

√
3
,

z5 =
z + 1

z − 1
, z6 =

−z + 1

z + 1
, z7 =

−i
√
3 z − 1

z − i
√
3

, z8 =
z − i

√
3

i
√
3 z + 1

,

with z2, z3, z4, z5, z6, z7, z8 /∈ T .

Remark 2.1. In the analytic case, the classical Cauchy integral

ω(z) =
1

2πi

∫

∂T

γ(ζ)

ζ − z
dζ

already provides the solution of the Dirichlet problem. The advantage of the representation (3)
with kernels (4) is that it generalizes the Cauchy kernel and remains valid in broader contexts,
such as polyanalytic and k-analytic equations. While for analytic functions the two formulas
coincide, the form with K1 and K2 extends naturally to higher-order equations, where the
classical Cauchy formula is no longer sufficient.

Theorem 2.1 provides a complete characterization of the solvability and representation
of the Dirichlet problem for the homogeneous Cauchy–Riemann equation in the domain T .
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This result establishes a necessary and sufficient condition for the existence of a solution in
terms of a boundary integral and presents an explicit integral formula for the solution.

Building upon this foundational result, the following theorem extends the analysis
to the inhomogeneous case, where the equation involves a nonzero source term f(z). In this
context, the solvability condition naturally incorporates both the boundary data γ and the
inhomogeneity f , reflected through the integral relation involving both K1 and K2.

Theorem 2.2. The Dirichlet problem for the inhomogeneous Cauchy–Riemann equation

in T
ωz̄ = f(z) in T, ω = γ on ∂T, (5)

with given boundary data γ ∈ C(∂T ;C) and source term f ∈ L1(T ) (in particular, f ∈ C(T )
is admissible), is solvable if and only if

1

2πi

∫

∂T

γ(ζ)K2(z, ζ) dζ −
1

π

∫

T

f(ζ)K2(z, ζ) dξ dη = 0, (6)

and for z ∈ T the unique solution can be presented as

ω(z) =
1

2πi

∫

∂T

γ(ζ)K1(z, ζ) dζ −
1

π

∫

T

f(ζ)K1(z, ζ) dξ dη, (7)

where K1(z, ζ) and K2(z, ζ) are the kernels defined in (4).

⊳ Assume that the Dirichlet problem (1) is solvable. Then, by Theorem 2.1, the solution
can be written in the form given by (3).

Let us define a new unknown function

θ(z) := ω(z)− T [f ](z),

where the operator T [f ] denotes the area integral

T [f ](z) :=
1

π

∫

T

f(ζ)
1

ζ − z
dξ dη.

Applying the operator ∂z̄ to both sides of the definition of θ, we obtain:

∂z̄θ = ∂z̄ω − ∂z̄T [f ].

Since ω satisfies ωz̄ = f(z) and by known properties of the area integral operator (i. e. ∂z̄T [f ] =
f(z)), we get:

∂z̄θ = f(z)− f(z) = 0 in T.

Moreover, on the boundary ∂T , we have:

θ = ω − T [f ] = γ − T [f ] on ∂T.

Thus, θ satisfies the homogeneous Dirichlet problem:

θz̄ = 0 in T, θ = γ − T [f ] on ∂T. (8)

By Theorem 2.1, the homogeneous Dirichlet problem (4) is solvable if and only
if the following compatibility condition holds:

1

2πi

∫

∂T

(

γ(ζ)− T [f ](ζ)
)

K2(z, ζ) dζ = 0.
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We now analyze the second term using the properties of the area integral operator.
The function T [f ](ζ) is defined as:

T [f ](ζ) =
1

π

∫

T

f(ζ̃)

ζ̃ − ζ
dξ̃ dη̃.

Substituting this into the boundary integral, we get:

1

2πi

∫

∂T

T [f ](ζ)K2(z, ζ) dζ =
1

2πi

∫

∂T





1

π

∫

T

f(ζ̃)

ζ̃ − ζ
dξ̃dη̃



K2(z, ζ) dζ

=
1

π

∫

T

f(ζ̃)





1

2πi

∫

∂T

K2(z, ζ)

ζ̃ − ζ
dζ



 dξ̃ dη̃ =
1

π

∫

T

f(ζ̃)K2(z, ζ̃) dξ̃ dη̃.

Therefore, the solvability condition becomes:

1

2πi

∫

∂T

γ(ζ)K2(z, ζ) dζ −
1

π

∫

T

f(ζ)K2(z, ζ) dξdη = 0,

which coincides with the condition stated in (5).
Conversely, suppose that the solvability condition (5) holds. Define ω(z) as in (3). Then,

we can rewrite this expression in the following form:

ω(z) =
1

2πi

∫

∂T

γ(ζ) [K1(z, ζ)−K2(z, ζ)] dζ −
1

π

∫

T

f(ζ) [K1(z, ζ)−K2(z, ζ)] dξ dη.

Using the result of Theorem 2.1 and the fact that the area integral tends to zero as
z → ζ ∈ ∂T , we conclude that

lim
z→ζ

ω(z) = γ(ζ), ζ ∈ ∂T,

and clearly,
ωz̄ = f(z) in T.

Therefore, ω is a solution to the inhomogeneous Dirichlet problem (1). We now turn
to the uniqueness of the solution to the problem. Suppose that ω1 and ω2 are two solutions
to the Dirichlet problem (1). Then, by definition, we have

(ω1)z̄ = f in T, ω1 = γ on ∂T, (9)

and
(ω2)z̄ = f in T, ω2 = γ on ∂T. (10)

Subtracting these equations, we obtain

(ω1 − ω2)z̄ = 0 in T, ω1 − ω2 = 0 on ∂T.

This is the Dirichlet problem for the homogeneous Cauchy–Riemann equation in the domain T .
By Theorem 2.1, which guarantees the uniqueness of the solution to the homogeneous problem
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with continuous boundary data, it follows that the only solution is the trivial one. Therefore,
ω1 = ω2 in T , and the solution is unique. ⊲

Theorem 2.2 establishes the solvability and integral representation of the Dirichlet problem
for the inhomogeneous Cauchy–Riemann equation, which corresponds to the case n = 1 in
the general theory of polyanalytic equations. The corresponding boundary condition involves
a single function γ, and the unique solution is represented via the standard Cauchy-type
integrals over the boundary and the domain of T , using the kernels K1 and K2.

The next theorem generalizes this result to the case of the inhomogeneous polyanalytic
equation of order n, where the unknown function ω satisfies ∂n

z̄ ω = f in T , and the boundary
conditions involve the traces of the first n z̄-derivatives of ω.

Theorem 2.3. The Dirichlet problem for the inhomogeneous polyanalytic equation

in the domain T ,

∂n
z̄ ω = f(z) in T, ∂κ

z̄ ω = γκ on ∂T, 0 6 κ 6 n− 1, (11)

is uniquely solvable for f ∈ L1(T ;C) and γκ ∈ C(∂T ;C) for 0 6 κ 6 n− 1, if and only if for

each 0 6 κ 6 n− 1, the following compatibility condition holds:

n−1
∑

σ=κ

(−1)σ−κ

2πi

∫

∂T

γσ(ζ)
(ζ − z)σ−κ

(σ − κ)!
K2(z, ζ) dζ

+
(−1)n−κ

π

∫

T

f(ζ)
(ζ − z)n−1−κ

(n− 1− κ)!
K2(z, ζ) dξ dη = 0, z ∈ T. (12)

The solution is then given by

ω(z) =
n−1
∑

κ=0

(−1)κ

2πi

∫

∂T

γκ(ζ)

κ!
(ζ − z)κK1(z, ζ) dζ

+
(−1)n

π

∫

T

f(ζ)

(n− 1)!
(ζ − z)

n−1
K1(z, ζ) dξ dη, (13)

where K1(z, ζ) and K2(z, ζ) are the kernels defined in (4).

⊳ We prove the theorem by mathematical induction on the order n ∈ N.
Base case: n = 1. In this case, the equation reduces to the classical inhomogeneous

Cauchy–Riemann equation:

ωz̄ = f(z) in T, ω = γ0 on ∂T.

The solvability condition and the integral representation of the solution are given by
Theorem 2.2. Therefore, the result holds for n = 1.

Inductive step: Suppose the theorem holds for some n = s > 1; that is, for the problem

∂s
z̄ω = f(z) in T, ∂κ

z̄ ω = γκ on ∂T, 0 6 κ 6 s− 1,

the unique solvability condition and the solution formula given in the theorem are valid.
We aim to prove that the result holds for n = s+ 1.
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Let ω be a solution of the problem

∂s+1
z̄ ω = f(z) in T, ∂κ

z̄ ω = γκ on ∂T, 0 6 κ 6 s.

Define the auxiliary function v(z) := ∂z̄ω(z). Then v satisfies

∂s
z̄v(z) = f(z) in T, ∂κ

z̄ v = γκ+1 on ∂T, 0 6 κ 6 s− 1.

By the induction hypothesis, the solvability condition for v is

s
∑

σ=κ+1

(−1)σ−κ−1

2πi

∫

∂T

γσ(ζ)
(ζ − z)σ−κ−1

(σ − κ− 1)!
K2(z, ζ) dζ

+
(−1)s−κ

π

∫

T

f(ζ)
(ζ − z)s−κ−1

(k − κ− 1)!
K2(z, ζ) dξ dη = 0

for 0 6 κ 6 s− 1. To complete the construction of ω, we solve the first-order equation

ωz̄ = v(z) in T, ω = γ0 on ∂T.

By Theorem 2.2, this equation is uniquely solvable if and only if

1

2πi

∫

∂T

γ0(ζ)K2(z, ζ) dζ −
1

π

∫

T

v(ζ)K2(z, ζ) dξ dη = 0.

Substituting the integral representation of v into this expression leads to the full compatibility
condition for κ = 0, completing the induction step.

Finally, by applying the integral representation of v and integrating once more with respect
to z̄, we obtain the integral representation of ω, matching the formula given in the theorem
for n = k + 1.

Therefore, by the principle of mathematical induction, the result holds for all n ∈ N. ⊲

3. The Schwarz Problem for Polyanalytic Functions

In this section, we investigate the Schwarz boundary value problem for first- and higher-
order polyanalytic functions in a triangular domain T . Starting from the classical case,
we derive an explicit integral representation for the solution and extend it to polyanalytic
functions of arbitrary order.

Theorem 3.1 [14]. The Schwarz boundary value problem

ωz̄ = f(z) in T, [Reω]+ (t) = γ(t) for t ∈ ∂T, (14)

with given data f ∈ L1(T ;C), and γ ∈ C(∂T ;R), is uniquely solvable. The solution is given

by

ω(z) =
3

∑

j=1

1

πi

∫

∂T∩Cj

γ(ζ)

(

K1(z, ζ)−
2

ζ − ǫj

)

dζ

+ ic− 1

π

∫

T

f(ζ)K1(z, ζ) dξ dη − 1

π

∫

T

f(ζ)K2(z, ζ) dξ dη, (15)



Boundary Value Problems for Inhomogeneous Polyanalytic Equations in a Triangle 53

where

c =
3

∑

j=1

2

πi

∫

∂T∩Cj

Imω(ζ)
dζ

ζ − ǫj
, (16)

where K1(z, ζ) and K2(z, ζ) are the kernels defined in (4).

The solution ω(z) in (14) can be expressed more compactly as

ω(z) = S[γ](z) + T [f ](z) + ic, (17)

where the operators S[γ] and T [f ] are given by

S[γ](z) =

3
∑

j=1

1

πi

∫

∂T∩Cj

γ(ζ)

(

K1(z, ζ)−
2

ζ − ǫj

)

dζ, (18)

T [f ](z) = − 1

π

∫

T

f(ζ)K1(z, ζ) dξ dη − 1

π

∫

T

f(ζ)K2(z, ζ) dξ dη. (19)

We now introduce the poly-Schwarz operator Sn in the domain T , defined for data
γ0, γ1, . . . , γn−1 ∈ C(∂T ;R), as

Sn[γ0, γ1, . . . , γn−1](z) =
n−1
∑

k=0

(−1)k

k!

3
∑

j=1

1

πi

∫

∂T∩Cj

(ζ − z + ζ − z)k γk(ζ)

×
(

K1(z, ζ)−
2

ζ − ǫj

)

dζ. (20)

It is clear that for n = 1, this operator reduces to the classical Schwarz operator: S0[γ] = S[γ].

3.1. Boundary properties of the Poly-Schwarz operator. We investigate how the
poly-Schwarz operator behaves near the boundary of the domain. The results confirm that it
reproduces the given real-valued boundary data for all relevant derivatives.

Theorem 3.2. If γ0, γ1, . . . , γn−1 ∈ C(∂T ;R), then

∂n

∂z̄n
Sn[γ0, γ1, . . . , γn−1](z) = 0, z ∈ T.

⊳ By the definition of the operator Sn in (15), we have

Sn[γ0, γ1, . . . , γn−1](z)

=

n−1
∑

k=0

(−1)k

k!

3
∑

j=1

1

πi

∫

∂T∩Cj

[

(

ζ − z + ζ − z
)k

γk(ζ)
]

(

K1(z, ζ)−
2

ζ − ǫj

)

dζ

=
n−1
∑

k=0

(−1)k

k!

k
∑

l=0

(

k

l

)

(−1)k−l(z + z̄)k−l
3

∑

j=1

1

πi

∫

∂T∩Cj

(ζ + ζ̄)lγk(ζ)

(

K1(z, ζ)−
2

ζ − ǫj

)

dζ.

Now define
γk,l(ζ) := (ζ + ζ̄)lγk(ζ),
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and set

S[γk,l](z) :=

3
∑

j=1

1

πi

∫

∂T∩Cj

γk,l(ζ)

(

K1(z, ζ) −
2

ζ − ǫj

)

dζ. (21)

Thus, we obtain:

Sn[γ0, . . . , γn−1](z) =
n−1
∑

k=0

(−1)k

k!

k
∑

l=0

(

k

l

)

(−1)k−l(z + z̄)k−lS[γk,l](z).

Each term S[γk,l](z) is independent of z̄, since it is defined via integration over the
boundary with kernels K1(z, ζ) and γk,l(ζ). Therefore, all z̄-dependence is inside the
polynomial (z + z̄)k−l.

Differentiating n-times with respect to z̄, we obtain:

∂n

∂z̄n
Sn[γ0, . . . , γn−1](z) =

n−1
∑

k=0

(−1)k

k!

k
∑

l=0

(

k

l

)

(−1)k−l ∂
n

∂z̄n

[

(z + z̄)k−l
]

S[γk,l](z).

But for all k − l < n, the n-th derivative of the polynomial (z + z̄)k−l vanishes. Since
k 6 n− 1, we always have k − l < n, so each term is zero.

Hence,
∂n

∂z̄n
Sn[γ0, . . . , γn−1](z) = 0. �

Having established the vanishing of the n-th z̄-derivative in the domain, we now describe
how the lower-order derivatives of the poly-Schwarz operator behave on the boundary.

Theorem 3.3. If γ0, γ1, . . . , γn−1 ∈ C(∂T ;R), then

{

Re

[

∂l

∂z̄l
Sn[γ0, γ1, . . . , γn−1](z)

]}+

(t) = γl(t), t ∈ ∂T, l = 0, . . . , n− 1, (22)

where the operator Sn is defined by equation (15).

⊳ We prove the identity for each l = 0, 1, . . . , n− 1.
For l = 0, we simply have

∂0

∂z̄0
Sn[γ0, γ1, . . . , γn−1](z) = Sn[γ0, γ1, . . . , γn−1](z).

According to Theorem 3.1, the non-tangential boundary value of its real part satisfies

{

Re [Sn[γ0, γ1, . . . , γn−1](z)]
}+

(t) =

n−1
∑

k=0

(−1)k

k!

k
∑

l=0

(

k

l

)

(−t− t̄)k−lγk,l(t),

where the functions γk,l are defined as in equation (17).
Note that for k > 1, the term (−t − t̄ + t + t̄)k−l = 0. Hence, all terms vanish except

the one with k = 0, giving

{

Re [Sn[γ0, . . . , γn−1](z)]
}+

(t) = γ0(t).

Thus, equation (19) holds for l = 0.
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Now, let l = 1, 2, . . . , n − 1. Differentiating under the integral sign (justified by
the continuity of γk), we obtain

∂l

∂z̄l
Sn[γ0, . . . , γn−1](z) =

n−1
∑

k=l

(−1)k−l

(k − l)!

3
∑

j=1

1

πi

×
∫

∂T∩Cj

(

ζ − z + ζ − z
)k−l

γk(ζ)

(

K1(z, ζ)−
2

ζ − ǫj

)

dζ.

Expanding the power term and reorganizing, we get

n−1
∑

k=l

(−1)k−l

(k − l)!

k−l
∑

m=0

(

k − l

m

)

(

−(z + z)
)k−l−m

S[γk,m](z), z ∈ T.

Taking the real part and applying the non-tangential boundary limit, we obtain

{

Re

[

∂l

∂z̄l
Sn[γ0, . . . , γn−1](z)

]}+

(t) =

n−1
∑

k=l

(−1)k−l

(k − l)!

k−l
∑

m=0

(

k − l

m

)

(−t− t̄)k−l−mγk,m(t).

Again, only the term with k = l and m = 0 survives since all other terms involve powers
of zero. Hence,

{

Re

[

∂l

∂z̄l
Sn[γ0, . . . , γn−1](z)

]}+

(t) = γl,0(t) = γl(t),

which proves equation (19) for all l = 0, . . . , n− 1. ⊲

3.2. Pompeiu operator on the triangle. In this section, we introduce the following
area integral defined by

Tl[f ](z) =
(−1)l

π(l − 1)!

x

T

(

ζ − z + ζ − z
)l−1

[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξ dη,

z ∈ T, l = 1, 2, . . . ,

(23)

for functions f ∈ L1(T ;C).
The operator Tl is referred to as the Pompeiu-type operator in this context. In particular,

for l = 1, it reduces to
T1[f ](z) = T [f ](z), z ∈ T. (24)

We also define
T0[f ](z) := f(z), z ∈ T, (25)

and this operator satisfies the following relation:

∂

∂z̄
T [f ](z) = T0[f ](z), z ∈ T. (26)

This operator family satisfies a recursive relation involving complex conjugate differen-
tiation. The following theorem establishes this fundamental property.

Theorem 3.4. If f ∈ L1(T ;C), then

∂

∂z̄
Tl[f ](z) = Tl−1[f ](z), z ∈ T, l = 1, 2, . . . , n− 1. (27)



56 Karaca, B.

⊳ Let f ∈ L1(T ;C), and let us consider the operator

Tl[f ](z) =
(−1)l

π(l − 1)!

x

T

(

ζ − z + ζ − z
)l−1

[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξ dη.

Note that
ζ − z + ζ − z = (ζ + ζ̄)− (z + z̄) = 2Re(ζ − z),

which is a real-valued function depending smoothly on z. Define

Φ(ζ, z) :=
(

ζ − z + ζ − z
)l−1

.

Differentiating under the integral sign with respect to z̄, we obtain

∂

∂z̄
Tl[f ](z) =

(−1)l

π(l − 1)!

x

T

∂

∂z̄
[Φ(ζ, z)]

[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξ dη.

Now observe that

∂

∂z̄
Φ(ζ, z) =

∂

∂z̄

(

ζ − z + ζ − z
)l−1

=
∂

∂z̄
(2Re(ζ − z))l−1

=
∂

∂z̄

(

ζ + ζ̄ − z − z̄
)l−1

= −(l − 1)
(

ζ − z + ζ − z
)l−2

.

Thus,

∂

∂z̄
Tl[f ](z) =

(−1)l

π(l − 1)!
(−(l − 1))

x

T

(

ζ − z + ζ − z
)l−2

[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξ dη.

Simplifying the constants, we get

∂

∂z̄
Tl[f ](z) =

(−1)l−1

π(l − 2)!

x

T

(ζ − z + ζ − z)l−2
[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξdη.

This is exactly the definition of Tl−1[f ](z). Therefore, we conclude that

∂

∂z̄
Tl[f ](z) = Tl−1[f ](z), z ∈ T. �

Theorem 3.5. Let f ∈ L1(T ;C). Then, for each l = 1, 2, 3, . . . , the real part of the

Pompeiu-type operator Tl[f ] satisfies

{ReTl[f ]}+ (t) = 0, t ∈ ∂T,

where {·}+ denotes the nontangential boundary limit from within the domain T .

⊳ Let z ∈ T and consider

Tl[f ](z) =
(−1)l

π(l − 1)!

x

T

(

ζ − z + ζ − z
)l−1

[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξdη.

Note that
ζ − z + ζ − z = (ζ + ζ̄)− (z + z̄) = 2Re(ζ − z),
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so the kernel is real-valued:
(

ζ − z + ζ − z
)l−1 ∈ R.

Then,

ReTl[f ](z) =
(−1)l

π(l − 1)!

x

T

(2Re(ζ − z))l−1 Re
[

f(ζ)K1(z, ζ) + f(ζ)K2(z, ζ)
]

dξ dη.

As z → t ∈ ∂T nontangentially, the kernel (2Re(ζ − z))l−1 becomes symmetric with
respect to the reflection across the line Re(ζ) = Re(t). Due to this symmetry and the regularity
of the data f ∈ Lp, we have

lim
z→t∈∂T

ReTl[f ](z) = 0.

Hence,
{ReTl[f ]}+ (t) = 0, t ∈ ∂T. �

We now consider the Schwarz-type boundary value problem for the inhomogeneous poly-
analytic equation in the triangular domain.

Theorem 3.6. The Schwarz-type boundary value problem for the polyanalytic equation

∂n
z̄ ω(z) = f(z), z ∈ T, f ∈ L1(T ;C), (28)

subject to the boundary conditions

{Re (∂s
z̄ω)}+ (t) = γs(t), t ∈ ∂T, γs ∈ C(∂T ;R), s = 0, . . . , n− 1, (29)

and the integral normalization conditions

3
∑

j=1

2

πi

∫

∂T∩Cj

Im (∂s
z̄ω(ζ))

dζ

ζ − ǫj
= cs, s = 0, . . . , n− 1, (30)

is uniquely solvable. The solution is given by

ω(z) = Sn[γ0, γ1, . . . , γn−1](z) + Tn[f ](z) +
n−1
∑

s=0

(z + z̄)s

s!
ics, (31)

where the operators Sn and Tn are defined in equations (15) and (21), respectively, and cs ∈ R

are given constants for s = 0, . . . , n− 1.

⊳ We aim to solve the boundary value problem

∂n
z̄ ω(z) = f(z), z ∈ T,

subject to the boundary conditions

{Re (∂s
z̄ω)}+ (t) = γs(t), t ∈ ∂T, s = 0, . . . , n − 1,

and the normalization conditions

3
∑

j=1

2

πi

∫

∂T∩Cj

Im (∂s
z̄ω(ζ))

dζ

ζ − ǫj
= cs, s = 0, . . . , n− 1.
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We construct the solution as follows:

ω(z) = Sn[γ0, γ1, . . . , γn−1](z) + Tn[f ](z) +

n−1
∑

s=0

(z + z̄)s

s!
ics.

Let us denote:

ω1(z) := Sn[γ0, . . . , γn−1](z), ω2(z) := Tn[f ](z), ω3(z) :=
n−1
∑

s=0

(z + z̄)s

s!
ics.

We will verify that ω = ω1+ω2+ω3 satisfies the differential equation and both boundary
conditions.

Step 1: Verify the differential equation. By definition of the operator Tn[f ], we have

∂n
z̄ Tn[f ](z) = f(z), z ∈ T.

Also, since Sn is constructed from boundary data, it is a solution of the homogeneous equation:

∂n
z̄ Sn[γ0, . . . , γn−1](z) = 0, z ∈ T.

Likewise, ω3(z) is a polynomial in z + z̄, and hence satisfies

∂n
z̄ ω3(z) = 0, z ∈ T.

Therefore,
∂n
z̄ ω(z) = f(z), z ∈ T.

Step 2: Verify the real part boundary conditions. From the construction
of Sn[γ0, . . . , γn−1], we have

{

Re (∂s
z̄Sn[γ0, . . . , γn−1])

}+
(t) = γs(t), t ∈ ∂T.

On the other hand, it was previously shown (see Pompeiu operator properties) that

{

Re (∂s
z̄Tn[f ](z))

}+
(t) = 0, t ∈ ∂T, s = 0, . . . , n− 1.

And since ω3 is a real polynomial multiplied by i, its real part vanishes:

Re (∂s
z̄ω3(z)) ≡ 0.

Hence,
{

Re (∂s
z̄ω)

}+
(t) = γs(t), t ∈ ∂T.

Step 3: Verify the normalization conditions. We compute:

∂s
z̄ω(z) = ∂s

z̄ω1(z) + ∂s
z̄ω2(z) + ∂s

z̄ω3(z), s = 0, . . . , n− 1.

By construction, the imaginary part of ∂s
z̄ω1 and ω2 satisfy

3
∑

j=1

2

πi

∫

∂T∩Cj

Im (∂s
z̄ω1 + ∂s

z̄ω2)
dζ

ζ − ǫj
= 0.
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Meanwhile, the contribution from ω3 is

∂s
z̄ω3(z) =

(z + z̄)s

s!
ics,

so

Im (∂s
z̄ω3(ζ)) =

(ζ + ζ̄)s

s!
cs,

and using Cauchy’s theorem and symmetry, it can be shown that the integral condition gives

3
∑

j=1

2

πi

∫

∂T∩Cj

Im (∂s
z̄ω3(ζ))

dζ

ζ − ǫj
= cs.

Thus, the full normalization condition is satisfied. ⊲
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КРАЕВЫЕ ЗАДАЧИ ДЛЯ НЕОДНОРОДНЫХ ПОЛИАНАЛИТИЧЕСКИХ
УРАВНЕНИЙ В ТРЕУГОЛЬНИКЕ

Караджа Б.1
1 Измирский университет Бакырчай, факультет инженерии и архитектуры,

Турция, 35665, Измир, Менемен, район Гази Мустафа Кемаль, ул. Кайнаклар, 115/1

E-mail: bahriye.karaca@bakircay.edu.tr

Аннотация. В данной работе исследуются краевые задачи типа Дирихле и Шварца как для неодно-
родного уравнения Коши — Римана, так и для полианалитических уравнений высокого порядка в нестан-
дартной области, а именно, в треугольной области, образованной пересечением трех круговых дисков
в комплексной плоскости. Такие области вносят дополнительную геометрическую сложность, требую-
щую тщательного аналитического анализа. Построив соответствующие функции-ядра, адаптированные
к геометрии области, мы развиваем методы интегральных операторов, позволяющие выводить явные
формулы решения для заданных граничных условий. Кроме того, мы устанавливаем необходимые и
достаточные условия разрешимости этих задач в зависимости от совместимости граничных данных и
свойств неоднородных членов. Наш подход обобщает классические методы, используемые для стан-
дартных областей, расширяя их применимость на более сложные геометрические ситуации. Результаты,
представленные в данной работе, вносят вклад в более широкую теорию краевых задач для сложных
уравнений в частных производных и предлагают новые инструменты для решения подобных задач в
прикладной математической физике и комплексном анализе.

Ключевые слова: полианалитические уравнения, задача Шварца, задача Дирихле, оператор типа
Помпейю, треугольная область.
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