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1. Introduction and Background

The spaces of sequences with values in the Banach lattice are intimately related to the

summability of operators between Banach lattices. For example, the positive (p, ¢)-summing
operators, introduced by Blasco [1], are the continuous operators which take positive weakly
p-summable sequences £}, || (X) into g-summable sequences £,(E) (see also [2]). In [3], Achour-
Belacel introduced the notion of positive strongly (p,¢)-summing operators to characterize
those operators whose adjoints are positive (¢*, p*)-summing operators.

In [4] and [5] the authors defined the space of positive strongly p-summable sequences

£7(X) (initially introduced by Cohen for the Banach spaces [6]), as well as the space of
positive unconditionally p-summable sequences £7 \w\(X ).
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Tensor products have proved to be a useful tool for the theory of operator ideals. Indeed,
the excellent monograph [7] deals with the theory of the tensor product point of view and
provides many applications to the study of the structure of several spaces of summing linear
operators.

The following characterizations provide nice examples of how tensor products come into
the theory of summing operators:

e An operator T : X — Y is absolutely p-summing (see [8|) if and only if IQT : £,®. X —
l, ®a, Y is continuous, where A, satisfies A, (37 e; @ x;) = (D1 [|lzil|P) YP and ¢ is the
injective tensor norm (see [7]).

e Let 1 < p < oo. An operator T : X — Y is the Cohen p-nuclear (p-dominated) if and
only if I®T : ¢, ®. X — ¢, ®,Y is continuous and 7 is the projective norm (see [6] and [7]).

e An operator T': X — Y is strongly p-summing if and only if /@7 : £, @, X — £, ®,Y
is continuous (see [9]).

The interplay between tensor products and positive summing operators have not been
explored yet. In this paper, first we utilize sequences in Banach lattice spaces to define and
characterize certain classes of positive summing operators. Then we describe these classes in
terms of the continuity of the canonically defined tensor product operator I @ T": £, ®4 X —
¢, ®3Y for adequate p and tensor norms o and /3.

Our results are presented as follows. After this introductory section, Section 2 is devoted
to providing new properties of the positive (p,¢)-summing operators. Particularly, we prove
that these operators are continuous operators transforming positive lattice unconditionally
p-summable sequences €z7|w|(X ) into g-summable sequences £,(E). In Section 3, utilizing the
Banach lattice of positive strongly p-summable sequences, we present a novel characterization
of positive strongly (p, ¢)-summing operators. Furthermore, we demonstrate that this class
is equivalent to the class of (p,¢)-majorizing operators introduced in [10]. In Section 4, we
study the notion of the positive Cohen (p, g)-nuclear operators. We explore the summability
properties of these operators by defining their corresponding operators between spaces of
positive weakly p-summable sequences ﬁp,M(X ) and strongly positive strongly p-summable
sequences 7 (Y). In the final section, we describe these classes in terms of the continuity of
an associated tensor operator that is defined between tensor products of sequences spaces.

We use standard notation for the Banach lattices (see [11, 12]). If X is an ordered set, the
usual order on XN is defined by z = (Tn)nens = 0 &z, > 0 for each n € N*. Recall that the
Banach lattice X is an ordered vector space equipped with a lattice structure and the Banach
space norm satisfying the following conditions: ||z|| < ||y|| whenever |z| < |y| for all z,y € X,
where |z| = 2V (—z). Note that this implies obviously that for any = € X the elements x and
|z| have the same norm. We denote by X, = {x € X, x > 0}. An element z of X is positive
ifxe X,.Forx € Xlet xt :=2 V0, 2~ := (—z) VO be the positive part and the negative
part of x, respectively. For any = € X, we have the following properties z = 2+ — 2~ and
lo| =2t + 2.

The dual X* of a Banach lattice X is a complete Banach lattice endowed with the natural
order

] < a5 <= (2], z) < (z5,z) forall z € Xy,

where (-, -) denotes the bracket of duality.

By a sublattice of a Banach lattice X we mean a linear subspace A of X so that
sup{z,y} = = V y belongs to A whenever x,y € A. The canonical embedding ip : X — X**
such that (ig (x),2*) = (x*,z) of X into its second dual X** is an order isometry from X
into a sublattice of X**, see [11, Proposition 1.a.2]. If we consider X as a sublattice of X™**
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we have for 1,29 € X
T < 2 <= (r1,27) < (22,2") forall 2" € X7.

Throughout this paper X and Y are Banach lattices, E and F' are Banach spaces. We say
h: X — Y is a vector lattice homomorphism if it is a linear operator such that h(zy V x9) =
h(z1) V h(z2) for all 1,22 € X. An one-to-one, surjective vector lattice homomorphism is
called vector lattice isomorphism. A linear operator S : X — Y is called positive, if S(z) >0
for any z > 0. Amap T : X, — Y, is called additive if for every z,y € X, we have
T(x+y) =T(x)+ T(y). We call T positively homogeneous if for each A € Ry and every
x € X4, we have T'(Az) = AT'(z). The space of all bounded linear operators from E to
F' is denoted by Z(FE, F) and it is the Banach space with the usual supremum norm. The
continuous dual space .Z(F,K) of E is denoted by E*, whereas Bp denotes the closed unit
ball of E. The symbol E = F means that E and F' are isometrically isomorphic.

Let 1 < p < 00, we write p* the conjugate index of p, that is 1/p+1/p* = 1. As usual ¢, (E)
denotes the vector space of all absolutely p-summable sequences, with the usual norm ||-||
and £y, (E) the space of all weakly p-summable sequences with the norm ||(zn)nen+|,,, =
SUPg+e By, |({(Zn, ) )nen|,- The closure in £y, (E) of the set of all sequences in E which
have only a finite number of non-zero terms, is a Banach space with respect to the norm
[[[l, .- We denote this space by £} (E). Let co be the space of scalar sequences (A, )nen+, such
that A\, — 0. The space

(0) (B) = { (@nnerv C B+ ((@n,€)nen- € o VE € B*}

is a closed subspace of log o (E) = lo (E) (see [13, §19.4]). It is well known that £, (E)
is an isometrically isomorphic to Z(¢,+, E) for 1 < p < oo and 41, (F) is an isometrically
isomorphic to .Z(co, E). We denote by £, (E) the space of all strongly p-summable sequences
(Cohen strongly p-summable sequences, see [6]), that is the space of all sequences (z,)nen+
in E, such that (z,(x,))nen+ € €1, for any (z})nen+ € £y o (E*), which is a Banach space
with the norm

o0

= sup Z |z (z0,)] -

@5 ners e o<1

() nens

t(B) = Sup > wnlan)
=1

@5 ) ners e <1 |5

The following fact, discussed in [14], is well-known

by w(EY) = [6p (E)]" and [fyr (E")] = [fpu(E)]" . (1.1)
Moreover, it is well-known that
[p(E)]" =€y« (E*) for 1< p<oco and [co(E)]" =1 (E"). (1.2)

Sequences in Banach lattice spaces. Consider the case where FE is replaced by a Banach
lattice X. The space of positive weakly p-summable sequences was introduced in [4] by

Uyl (X) = {(xn)neN* e XN Y (at |zal)? <00 Vit € Xi},

n=1

endowed with the norm

B =

o
[(@n)nensl,,w = sup <Z<x*7!xn\>”>
z*eB

X1 \n=1
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Also, (co)),| (X) is a closed vector lattice subspace of log ) (X). Then (€, 4 (X), [| - [l w|) is
a Banach lattice (see [4, 5]). Moreover, we have (Io) [[(zn)nen+|, . < [[(@n)nent|l,,,, for all
(xn)nEN* € Ep,|w\ (X)

(I) If (xp)nen+ = 0, we have

N @dnene Iy = N@adnere o (1.3)
We define
lp o) (X7) = {(frkz)neN* e (XN Y (o, [ap)P <o Va € X+}
n=1
and

(@7 )nen-
X4 \n=1

plel = SUP (Z <!w2!,w>”> - (1.4)

Then £}, |, |(X*) with this norm is a Banach lattice (see [4, 5]).
Let E ol |( ) denote the closed sublattice of £, ,,(X) defined by

Eg,\w\(X) = {(wn)neN* e xN°. liTILn H(xk)zo:mrl”mw' _ 0}_

In this case we say that (x;,)nen+ is positive unconditionally p-summable sequences.
Let

5 (X) = {(ﬂcn)neN* ex™ Z! Tps [En])] < 00 V(2 )nen- € (gp*,w(X*))—’—}

and
o

500 = sup S ). (L5)

(@3 ) nen* EB[‘ZP*,M(X*)]* n=1

| (%7 ) nen

In this case we say that (z;,)nen+ is positive strongly p-summable sequences. Then 7 (X) with
this norm is a Banach lattice [5]. For convenience let us denote ¢1(X) = (T(X) = ¢1(X).
By (Ip) and (1), we have (Ig) [|(@n)nen- | (x) < [[(@n)nen- g, (x) for all (zn)nen- € £, (X).
(I1) If (2p)nen+ = 0, then (z,)nen+ € £5(X) if and only if (2, )nen+ € £, (X), and

0,() - (1.6)

H(xN)nEN*HZg(X) = [[(zn)nen-

Moreover, we have the following results due to [4, 15].

Proposition 1.1 [15, Proposition 3.1 and Proposition 3.2|. Let X be a Banach lattice
and 1 < p < co. Then

(@)

tp(X7) = {(CUZ)neN* Z Tns [, ])] < 00,V (T )nen- € (fp*,|w|(X))+}
and for each (x},)nen+ € £3(X),
(@7 )nenlleg (x+) = sup > (@, |7h)).
(Zn)nen* EB[ZP*"M(X)]-F n=1
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(b)

(o (X7) = {(ﬁ)neN* € (X Y (@, |23l < o0 ¥ (@n)nen € (EZ*,|W|(X))+}
n=1
and for each (z},)nen+ € £3(X™),
(@7 nens lleg (x+) = sup > (za,las)-

(xn)neN*EB[eu* )1+ n=1
p*,w

Lemma 1.2 [4]. Let X be a vector lattice, (Y,C) be an ordered vector space, such that
Y=C-CandT: Xy — C be a positive, homogeneous and additive bijection. Then Y
is a lattice space and T can be uniquely extended to a lattice isomorphism from X onto Y.

Theorem 1.3. Let X be a Banach lattice and 1 < p < oo.
(i) The Banach lattice £, |,((X*) is lattice and isometrically isomorphic to [(7(X)] .

*
(ii) The Banach lattice [fg* (X*)] is lattice and isometrically isomorphic to Vz |w|(X)]
[15, Corollary 3.3 and Corollary 3.4].
< (i) Let 1 < p < 00, we define the mapping

T: ¢

p*,\w\(X*) — [%(X)]*v T = (2 )nens > T(2%) = Ty,

where T+ is the linear functional defined by

e}

T : £3(X) — K, (@n)nens — Ter (@n)nens) = Y a5 (wn).
n=1

The map T is clearly a positive map from (Kp*,‘w‘(X ") L to [ﬁg(X )] *+, and it is homogeneous,

additive and injective. To see that it is surjective, note that if S € [fg (X)]:_ and
In: X — 0,(X), z+—(0,...,2,0,...),
x;, = Sol, € X} for all n € N*.
Then
T(Sol,) pens ((zn)nenv) :Z(S o In)(xn) :Z S(In(zn)) = S (z1)) + -+ -+ Sn(zn)) + - -
n=1 n=1

=S((21,0,...))+---+5(0,...,zpn,...)) + - = S((zn)nen+).

For x € B;L(, we get

1 1
o] p* 00 p* 00
(Z(x;, x>‘p*> — <Z |S o 1y)(z) p*> = sup Z apS o I, (x)
n=1 n=1 (an)neN*eBZ, n=1
= supS((n@)nen )| <[ISI - sup [[(@n)nenle, (x)-

(Oén)neN*eBZ;7 (an)nenx EB&;
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We need to estimate the latter expression. Note that

[e.9]

(X)) = Sup Z<x;’ ’anan

(xZ)neN*GB[zp*"w‘(x*)H n=1

| (@) nen

[e.9]

= Sup Z ‘OénK.%';, ‘an

(T3 )nen* EB[ZP*"W‘(X*)]"‘ n=1

P sup | (%5 ) nen Pl S [l (ctn)nens

(T3 ) nenx eB[Zp*,\w\(X*)]+

< [[(@n)nent p*

Then

1
P*
p) <ISIE sup [l(@n)nen-llp = [IS]-

(an)nenx GBZ,

(Z S o I,)(x)
n=1

Hence, by (1.4), () nen+ € (£pe o] (X))

Since £, 1,((X*) is the Riesz space and [€5(X)] t = [Eg(X)]: - [Eg(X)}:_ , it follows from
Lemma 1.2 that [£7(X)] " is a lattice space and that T is a lattice isomorphism from e o) (X7)
onto [Eg(X)]*.

For (27, )nens € £p« o) (X™), we have

1T ((x7,)nen+) ‘[g;r(x)]* = IT((z}, ) nen+)
= [1T°(|(z7 Jnen

\z(zg(X),K) = IIT'((z} )nen+) H[zg(x)]*

Mgz = 102RDnent lpe o = @) nen-lpe -

This means that T is an isometry from £« 1, |(X*) onto [£7(X)] o

2. Positive (p,¢)-Summing Operators Generated by (% (X)

p,lwl

Let 1 < g < p < co. Following [1, Definition 1] and [3, Proposition 3.2 (1)|, an operator
T : X — F is said to be positive (p, ¢)-summing if there exists a constant C' > 0, such that
for every z1,...,z, € X, we have

(T ()i ll, < Cll (@) llg o - (2.1)

For ¢ < p = 00, we get
sup [|T(z;)[| < C [[(zi)izi ll o) -

1<i<n

We shall denote by A, ,(X,F) the space of positive (p,¢)-summing operators. This space

becomes a Banach space with the norm || - [|z,, given by the infimum of the constants
verifying (2.1). For p = oo and 1 < ¢ < oo we consider Ay 4(X,Y) = Z(X,F) and
1T Aveq = ITI-

Now, we give characterizations of these classes in terms of transformations of lattice vector-
valued sequences.

Proposition 2.1 [1, Proposition 2|. Let T : X — F' be an operator and 1 < q < p < 00.
The following properties are equivalent.

(1) T eApy(X,F).

(2) The associated operator T g w|(X) — €,(F) given by T ((zi)ien+) = (T(x:))ien-,
(z:)ien+ € Ly | (X) is well-defined and continuous.

In this case ||T||a,, = || T]-
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Theorem 2.2. For a continuous linear T € £ (X, F) and 1 < ¢ < p < oo, the following
conditions are equivalent.

(i) T € Apy(X, F).

(ii) The sequence (T(z;))ien+ € {,(F') whenever (x;)ien- € £

(iii) The induced map

(X).

q;|wl

T gl (X) = &y (F) T ((z)ien) = (T(x:))ien-

is a well-defined continuous linear operator and ||T'||s, , = lieallp

< (i) = (ii) Let = = (zi)ien- € €4 1w |( ). We have

(T (zi)izall, < Cl(@a)illg )

for all n € N*. So, if m; > mo, then

(T (:));2y — (T(0) || = H )iz m2+1H CH )i m2+1HqM

We conclude that (yp)nen+ with y, = (T'(z;)), is the Cauchy sequence in ¢,(F") and so
converges to some (z;)ien+ € £p(F).

Given € > 0, we can find No € N* so that n > No = |[[(T'(2:))iy — (zi)ien- |, < €.
So, for a fixed igp € N*, we have || T(z;,) — zi,|| < €. We conclude that T'(z;,) = zi,. Hence
(T'(2:))ien+ = (zi)ien= € Lp(F).

(i) = (iii) Is it clear that T is linear implies that T is linear, for show that 7' is continuous
we showing that 7 has a closed graph. Suppose that the sequence (T'(z;))ien € L, (F)

whenever (z;)ien+ € £ |w|( ) and let ((2F, f( k)))keN* be a convergent sequence in the
Cartesian product EZM( ) X £,(F) that is, ((2¥);en+, T((z Bien<) — (z,9) . So

a2 — = (2n)nen € LY o (X5 (2.2)

and
T(a*) — y = (yn)ner- € Lp(F). (2.3)

From (2.2), for all € > 0 there exist ky > 0, such that

(et =t < (ol - 29))" < 3 (a7](a - 2]’

i=1

o0
q
< sup (Z(x*l(wf—xi)|)><‘|$ = llg oy < €

z*eB
X3

whenever k > ko, 2* € B X and for all ¢+ € N*. In this way, by the Hanh-Banach theorem, we
get

lof — 257 = sup |a*(af — 2|7 <27 sup |a(af —y)|? < 2%, (2.4)
*EBxx* :B*EBxi

whenever k£ > kg and for all 7 € N*, then we have xf — x; € X for all kK — oco. How T is
continuous, we find
lilgn T(zF) = T(x;) for all i € N*.
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From (2.3), for all € > 0 there exist k, > 0, such that
P o0

<> |ret) -
i=1

whenever k' > ké) and for all ¢ € N*, we find

/

HT(ﬂﬂfC ) —Yi

k P ~ P
< H Z; zeN* - (yi)ieN* , = HT(QU ) - pr <eP

lillgn T(zF)=y; forall i e N* (2.5)
From (2.4), (2.5) and uniqueness of the limit, it follows that

T(x) = (T(z:))ien = (Yi)ien = -

This implies that the linear mapping T has a closed graph.
(iii) = (i) is straightforward. >

3. Positive Strongly (p, ¢)-Summing Operators Generated by /7 (Y)

Let 1 < ¢ < p < oo. Recall that an operator T' € Z(E,Y) is called positive strongly
(p, ¢)-summing [3, Remark 4.2| if there exists a constant C' > 0, such that for all finite sets,
(z;)", C F and (y)", C (Y*)*, we have

ZI < Clla)izllgll (w7 )i e - (3.1)

We shall denote by .@;f ,(E,Y) the space of positive strongly (p, ¢)-summing operators or
.@; (E,Y) if p = ¢, the space of positive strongly p-summing operators. This space becomes
a Banach space with the norm || - || o, 8iven by the infimum of the constants verifying (3.1).

Lemma 3.1. The operator T € .@;q(E,Y) if and only if there exists a constant C > 0,
such that for all finite sets, (x;)"_; C E and (y)", C (Y*)", we have

(T (zi)iza ez vy < Cll(@i)iza llg- (3.2)

+

<Lt T €2
(;)?y C E and

,(E,Y), then there exists a constant C' > 0, such that for all finite sets,
Y™, C (Y*)T, we have

s

—~

n

DT @),y < Cll@a)izllgh @il -

i=1
For each z € Y and z* € Y*,
12*[(|2]) = sup {lg"(2)| : lg"[ < [z"[}. (3.3)

Now let (y;)i; € (£pe 1 (Y™))T and let € > 0. From (3.3), there exists, for each 1 <4 < n,
an element gF € Y*, such that |gf| < |y;|, and

T @) < lgi (T (@) + =
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Note that (g7)iL; € (£). |w|(Y*))+. Then
D AT @)lyr) =D (T @)l yi ) < QKT (), 6)] + <
i=1 i=1 i=1
< C ()i llgll ()il w] + & < Clll(a)izillgl (w7)is lp ] + &

Then
(T ()i lleg vy < Cll(zi)izallg + &

Conversely, directly by [(T'(z;),y})| < (|T(z;)|,y]) for every i. >

As in classical cases, the natural approach to presenting the summability properties of
positive strongly (p,q)-summing operators by defining the corresponding operator between
appropriate lattice sequence spaces.

Proposition 3.2. Let T : E — Y be an operator and 1 < ¢ < p < oo. The following
properties are equivalent:

(1) T e @;fq(E,Y).

(2) The associated operator T : ly(E) — £3(Y) given by T (z)ien+) = (T(2;))ien,
(xi)ien= € £4(E) is well-defined and continuous.

In this case HT||9;Q =||T].

< For the necessity, let T € 2,5 (E,Y), (zi)ien< € £y(E) and (y;)iens € (L ) (Y))T.
Then by Lemma 3.1, we have

Z T (i)l yi —supz T (i)l y7) < NTll g, supll ()i g1 (7 )i llpe
=1 =1 n

all (W ien=llp

< T, a)icne

which implies

o
sup D AT @)y < ATl gy, I(xa)ientl,
(Y7 )ien= eB[zp*"w‘(y*]Jr i=1

Consequently, we obtain

o
(T (z))iens lleg vy = sup D (T @)l yi) <ITlgy, e,
(y?)ieN*eB[zp*"w‘(Y*]Jr i=1
and therefore T is continuous with norm < HT||9+ :

In order to prove sufficiency, suppose T is well-defined and continuous and assume that
T ¢ 9, (E Y) Then for each n € N*, we may choose a finite sequence (z;,);~} C E, such

that H Tin); H <1 and (T (xz,n))lz1||2;’(y > 2" which implies
mn
i=1

for some (y;,,)i € (€p= ) (Y™)) T, such that ||(y},)i"

(G- (5 (xi’">m" )
21 Ji=17\ 22 Ji—y7 " 7\ 2n im0

_(T11 X271 Tmy,1 T1,2 T22 Tmg,2 Tin T2n Tmy,,n
=G 3Tl e g2 o om0 om0 )

< 1. Let (%) jen+ be the sequence
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We have

Q
Q=

T 1 , g =1
ICzg)jenlly = ZZ‘ Z’]H = X gall@dly] < (X ] <t
— p

]— =1 Jj=

Then, (2;)jen+ € £4(F). However, T\((zj)jeN*) ¢ £7(Y). In order to see this, consider the

sequences
yia\" (Vi Yin "
(@j)jeN*Z(( Z’) ,(“) ,...,<Z’"> ,)
28 i '\ 2% iy 2" )iz

Clearly (¢;)jens € B(gp*"w‘(y*))+. Then

oco My y* A\ P
. . _ Z?]
H(“P])jEN"Hp*,‘w‘ = EUP E E <x, o >

yEBy,

00 1 my - s 1
= sup Z Y ;(xayi,j> < Z 2jp* s b
1=

veByy \ j=1

By (3.4) it turns out that

IT((z)5en)leg vy = T (z5))jenlleg vy = sup D (T (=)&)

| €)sen | v, <1 j=1
o0 [e’e) 1 mj
> ST o) = Y- gy ST i) =
7j=1 j=1 i=1

which according (1.5) is a contradiction with the fact that 7' maps £4(X) (continuously)
into £7(Y). Since

(T (i) iewe ez vy = 1T ((:)ien+)

lex(v) < IT) | () sens ‘

we have ||T]|,+ < all =S

In the following result, we characterize the class of positive summing linear operators and
positive strongly summing linear operators by utilizing the adjoint operator. For the proof of
this result, we will utilize the duality of lattice sequence spaces. Theorem 3.3 was established in
[3, Theorem 4.6], and the proof provided there is direct. Using Theorem 1.3, the formula (1.2),
Proposition 3.2 and taking into account that the adjoint of the 7' : ly(E) — £5(Y) can be
identified with the operator T* : bpe ) (Y) — Ly (E7); ﬁ((y;)ieN*) = (T*(y}))ien+, we
provide an alternative proof of the results in Theorem 3.3.

Theorem 3.3. Let T : E — Y be an operator and 1 < g < p < o0.

(1) The operator T belongs to A, q(X,F') if and only if its adjoint T* belongs to
.@qt’p*(F*,X*). Furthermore, ||T||a,, = HT*H%PP*

(2) The operator T belongs to .@;q(E, Y) if and only if its adjoint T* belongs to
Ay p+(Y*, E*). Furthermore, HTHQ;Q = [T A s
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< (1) Let T € X(X F) and T* € Z(F*, X*) its adjoint. Suppose that T' € A, (X, F),
then by Theorem 2.2 T : € 1w ‘( ) — £p(F') is continuous with ||T'||s,, = [|T]|]- By (1.2) and
Theorem 1.3, the following diagram commutes

* ,1’;* U *
b(F)” — €q7|w|(X)
Ji 71 T Jo

O (F*) 5 am(X7)

i.e., T o Jp=Jyo 1/;:, where Jj is an isometric isomorphism and J is an isometric lattice
isomorphism, such that J;((2})nen+)((2n)nen+) = f((zn)nen+) = > ney (2ns zn> i=1,2, with
the inverse I;, defined by I; (f) = (f © In)nens = (2] )nen+. In fact, the map T*, defined by
(Y2 Jnens = (T* (y) ) nens, let (Y )nen+ € €y« (F™), then for all (z,,)pen € £“ M(X),

(T* 0 ) ((inere) ((@nhnens) = Ji(adner) (T (@a)nerr) )

= J1((yn)nen+) ((T(zn))nen- Z Y, T'(2n) Z (T*(yn)s xn) = J2((T*(yn) ) Jnen+) ((Tn)nen+)
n=1

n=

= Jo(T* (g3 )nen+)) (@n)nen) = (Jo 0 T%) (41 )nene) (2 )nene)

e., T* o J1 = Jyo T*. Then, T is well-defined and continuous if and only if T+ is well-
defined and continuous. Consequently, from Proposition 3.2, it follows that T is positive
(p, g)-summing, if and only if its adjoint 7% € Z(F™, X*) is strongly positive (¢*, p*)-summing.
Furthermore, [|T|a,, = HT*HQ; L= 1T

(2) Let T € 2,f (E,Y). Then, by Proposition 3.2, the operator T : ly(E) — £3(Y) is
continuous with HTH%TQ = ||T'||. Using Theorem 1.3, and taking into account that the adjoint
of the operator 7 : lq(E) — £7(Y') can be identified with the operator

—

T* e o] (V) — L= (E¥) given by T*((y; )ien+) = (T*(y; ) )iens,

we obtain 7 and T* are well-defined and continuous. Therefore, it follows from Proposition 2.1
that T is positive strongly (p,¢q)-summing if and only if its adjoint 7% is positive (¢*,p*)-
summing, and [T, = [T, = |7]. >
Corollary 3.4. Let 1 < g < p < o0.
(1) The operator T € Z(E,Y) belongs to 2,/ (E,Y) if and only if T** belongs to
P, (E**,Y**). Furthermore,
1Tl = 1T 5.

(2) The operator T € Z(X,F) belongs to A, (X, F) if and only if T** belongs to
Ay o(X**, F**). Furthermore,
HTHAp,q = HT**HAp,q'

We say that an operator T' : E — Y is called positive (p,¢)-majorizing (see [10] for
p = q) if there exists a constant C' > 0, such that

1
(Z \(T(Zi%qu*) < Ol llp w (3:5)
i=1
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for all (z;)™_, in Bg and (y})"_; in (Y*)". The space of all positive (p, ¢)-majorizing from E to
Y is denoted by Y, 4(E,Y"). This space becomes a Banach space with the norm || - ||, , given
by the infimum of the constants C' satisfying (3.5). In [10], the authors proved the duality
relationships between positive p-summing operators and positive p-majorizing operators. It
was known [3] that an operator T': X — F'is positive p-summing if and only if 7™ is positive
strongly p*-summing. Similarly, an operator T : E — Y is positive strongly p-summing if
and only if 7™ is positive p*-summing. In the following, we directly prove that the concept of
positive strongly p-summing and the concept of positive p-majorizing are equivalent.

Theorem 3.5. Let T : E — Y be an operator. The following conditions are equivalent:
(1) T is positive (p, q)-majorizing.
(2) T is positive strongly (p, q)-summing.

< Suppose that T is positive (p, q)-majorizing, given any finite sequence (z;)7_; in E and

(yz )z 1 n (Y*)+7 we get
Ty "
s Yi
||sz|> ' >‘

Zr o r—DmHKT(
' ) < I, )

< (Z ww)a (Z (r () 40)

This implies that 7" is positive strongly (p, ¢)-summing and HTHD;q < 7T,

Conversely, assume that 7' is positive strongly (p, ¢)-summing. Let tzi)?zl be a finite sequence
in By and (y)"; in (Y*)", we have

1

<Z |<T<zi>,y;*>|q*> "

)z 1€BZq

Z)\

i=1 =1
n
= sup | Y Tz, u)| < I Tlpg,  sup 1Ozl W)z e o
(Ai)?—lequ =1 ’ (Ai)?:lequ
<Tlpg,  sup [1A)is gl )iz llp= ot = 1T ot 17 )izl -

P9 (i), €By,

This means that T is positive (p, ¢)-majorizing and |7y, , < HTHD;q. >

Corollary 3.6. T € Z(FE,Y) is positive p-majorizing if and only if T' is positive strongly
p-summing.

4. Positive Cohen (p,q)-Nuclear Operators

Cohen [6] introduced the concept of p-nuclear operators, which was extended to the Cohen
(p, ¢)-nuclear operators by Apiola [14]. Let 1 < p,q < oo. An operator T' € .Z (E, F') is Cohen
(p, q)-nuclear if (T (xy,))nen+ € £, (F') whenever (xy,)nen+ € 44 (E). We denote the space of
Cohen (p, g)-nuclear operators by €4, , (E, F'). According to [6, 14], the following conditions
are equivalent for a linear operator ' € .Z (E, F):

TebN (B, F)=Te.Z(ly.(E) L (F))), (4.1)

where T ((xn)nen=) = (T (zp))nen+ for every (zp)nen+ € lgw (E).
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In this section, we introduce the positive Cohen (p, ¢)-nuclear operators. For p = ¢, these
operators are closely linked to positive strongly p-summing and positive p-summing operators,
as stated in Kwapien’s Factorization Theorem (see [16, Proposition 2|). Here, we distinguish
three cases.

DEFINITION 4.1. Let 1 < ¢ < p < oo and X, Y be Banach lattices, £ and F' be Banach
spaces.

(a) An operator T from a Banach lattice X to a Banach space F is left positive Cohen
(p, g)-nuclear if there exists a constant C' > 0, such that for all (z;)_; C X, we have (see [17])

(T (@:))iz1 e, ry < Cll(@i)iz g, (4.2)

(b) An operator T from a Banach space E to a Banach lattice Y is right positive Cohen
(p, g)-nuclear if there exists a constant C' > 0, such that for all (z;)! ; C E, we have

(T (zi))iztller vy < Cll(@i)ia [l g0- (4.3)

(¢c) An operator T from a Banach lattice X to a Banach lattice Y is positive Cohen (p, q)-
nuclear if there exists a constant C' > 0, such that for all (z;)]"; C X, we have

(T ()i lleg vy < Cll(@i)itallg s

see |10, Definition 3.1] for r = 1.

The class of all positive Cohen (p, g)-nuclear operators from X to Y (respectively X
to F and E to Y) is denoted by €. (X,Y) (respectively Cﬁ/@f’gt*(X,F) and
CN T (B,Y)).

We put HTH%JV;;(I = inf C.

The proof of the following results follows similar lines as in Proposition 3.2 and
Proposition 3.22 in [17] and is omitted.

Proposition 4.2. Let 1 < g < p < oo and X, Y be Banach lattices, E and F' be Banach
spaces.

(1) T e %Wéﬁgt’+(X, F) if and only if T': £y |, (X) — £,(F) is a well-defined continuous
linear operator [17, Proposition 3.22|.

(2) T e Cﬁﬂ;ﬁght’jL(E, Y) if and only if T : £q,(E) — €5 (Y) is a well-defined continuous
linear operator.

(8) T € €N} (X.Y) if and only if T : £y, (X) — £3(Y) is a well-defined continuous
linear operator.

A result by Apiola states that the adjoint of a Cohen (p,q)-nuclear linear operator is
Cohen (¢*,p*)-nuclear linear operator. When p = g, this result appears in [6]. Utilizing
Theorem 1.3, (1.1) and (1.2) and taking into account that the adjoint of the operators
T by (X) — 6(F), T : £y (E) — £5(Y) and T : £ ,/(X) — £5(Y) can be identified
with the operators

—

T% ey (F*) — 05 (X*), T% i Ly 1) (V) — Ly (E*) and T*: ¢

p*7|w| (Y*) — EZ]T*(X*)7

¢|w

defined as Z/"\*((x;)neN*) = (T*(z}))nen=, we extend this to positive Cohen (p,q)-nuclear
operators.

Theorem 4.3. Let 1 < g < p < oo and X, Y be Banach lattices, E and F' be Banach
spaces.
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(1) The operator T belongs to %/éﬁgt*(,}(, F) if and only if its adjoint T* belongs to
€N INE () X*). Furthermore
qa*.p ’ )

1Tl prieses = ||T*H<f,/;i%§i’+'

(2) The operator T belongs to (fﬂ;fght’+(E,Y) if and only if its adjoint T* belongs to
(fe/qui}f;f (Y*, E*). Furthermore,

HT”cgwgfgm’* - ||T*H<5/;if;’:“

(3) The operator T belongs to €. (X,Y) if and only if its adjoint T* belongs to
€N F. - (Y*, X*). Furthermore,

Tl s, = 1T e,

REMARK 4.4. In a recent paper [10, Definition 3.1|, the authors introduced the concept of
positive (p, ¢)-dominated, where 1/p+1/q = 1/r, defined between Banach lattices. Within this
framework, both the Pietsch Domination Theorem and the Kwapien Factorization Theorem
are established. This concept precisely aligns with the positive Cohen p-nuclear concept
presented here when r = 1. Thus, by referring the reader to the papers [10, Theorem 3.3
and Theorem 3.7, we can also derive the well-known theorems, namely Pietsch’s Domination
Theorem and Kwapien’s Factorization Theorem, for the other two concepts proposed here
(for left and right positive Cohen p-nuclear). Notice that Kwapien’s Factorization Theorem
ensures that positive Cohen p-nuclear are closely related to positive strongly p-summing and
positive p-summing operators.

5. Tensor Characterizations

Now we are interested to characterize the aforementioned classes using abstract
summability properties linked to the continuity of tensor product operators defined within
vector-valued sequence spaces.

The Wittstock injective tensor product and Fremlin projective tensor product. For Banach
lattices X and Y, let X ® Y denote the algebraic tensor product of X and Y. For each
u=>1" 2,0y € X®Y, define T, : X* - Y by Tp,(z*) = > | 2*(x;)y; for each z* € X*.
The injective cone on X ® Y is defined to be

n
Ci:{u:in@)yieX@Y: Tu(x*)€Y+\v/$*€Xi}.
1=1

Wittstock [18, 19] introduced the positive injective tensor norm on X ® Y as follows:
ul; = inf {sup {HTU(;U*)H = Bxi} veCi utue ci} .

Let X®;Y denote the completion of X ® Y with respect to |-||;. Then X®;Y with C; as its
positive cone is a Banach lattice (also see [20, Section 3.8 |), called the Wittstock injective
tensor product of X and Y. The projective cone on X ® Y is defined to be

n
CP:{in®yi: xi€X+,yi€Y+,n€N}.
=1
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Fremlin [21, 22| introduced the positive projective tensor norm on X ® Y as follows:

HUHW = sup {

n
> i)
i=1
where M is the set of all positive bilinear functional ¢ on X x Y with ||¢|| < 1. Let X®pY
denote the completion of X ® Y with respect to ||-[||. Then X ®rY with C, as its positive
cone is a Banach lattice (also see |20, Sect. 3.8 ]), called the Fremlin projective tensor product
of X and Y. Let p be real numbers, such that 1 < p < oo, then, due to [5, 4] we have
(Py) EZ,M(X ) is isometrically lattice isomorphic to £,&; X.
(P2) £3(X) is isometrically lattice isomorphic to lRrX.
Let €p<§>eE and EI,@,TE denote the Grothendieck injective and projective tensor product of
¢, with a Banach space F, respectively (see Ryan [23]). It is well known that the space £}, ,(E)

n
: u:Zmi®y,~€X®Y, (bEM},

i=1

is isometrically isomorphic to ¢,®.E whereas £,(X) is isometrically isomorphic to £, ®A,
X (see [7, 12.9] and £, (E) is isometrically isomorphic to £,&,F (see [6, Proposition 2.2.5
and Proposition 2.2.6], [24, Corrolary 3.9] and [25]). Given a linear operator 7' : X — Y, its
associated tensor product operator I ® T': £, ® X — £, ® Y is defined by

n n
I®T <Z€i®xi> = Zei ® T(x;),
i=1 i=1

and this map is clearly linear.

We apply now Theorem 2.2 and (P;) to the class of positive (p, g)-summing operators to
get new characterizations in terms of tensor product transformations.

Corollary 5.1. Let 1 < p < oo and T € £ (X, F). The following conditions are equivalent:

(1) T is positive (p, q)-summing operator.

(2) The induced linear operator I ® T : £,@; X — £,®,F is continuous.

In this case ||T||a,, = [[I @ T.

According to (P;) and Theorem 3.2, we obtain characterizations in terms of tensor product
transformations for the class of positive strongly (p, ¢)-summing operators.

Corollary 5.2. Let 1 < p< oo and T € Z(E,Y). The following properties are equivalent:

(1) T is positive strongly p-summing.

(2) The induced linear operator I @ T : Ep@)APE — fp@)FY is continuous.

In this case ||T I, = I T

It is known from [6, Theorem 2.1.3] that T' € .Z (E, F) is Cohen p-nuclear if and only if
the mapping I @ T : Ep@)EE — €p<§>7rF is continuous. Utilizing Proposition 4.2, (P;) and (P),
we extend this result as follows.

Corollary 5.3. Let 1 < ¢ < p < oo and X, Y be Banach lattices, E and F' be Banach
spaces.

(a1) T € Z (X, F) is left positive Cohen (p,q)-nuclear if and only if the mapping I @ T :
EqéiX — €p<§>7rF is continuous.

(ag) T € £ (E,Y) is positive right Cohen (p, q)-nuclear if and only if the mapping I @ T :
Eq@)eE — €p®pY is continuous.

(ag) =T € £ (X,Y) is positive Cohen (p,q) -nuclear if and only if the mapping I @ T :
EqéiX — Ep@)py is continuous.
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Annoranusi. lannas paboTa OTHOCHTCS K TEOPHH ITIOJOXKUTEILHBIX CyMMHUPYIOIIAX ONEPaTOPOB MerK-
Jly 6GaHaXOBLIMU peIleTKaMH, UCCIeNysl B3auMOIeiiCTBIe MeXK/Iy CIIeIUATU3POBAHHBIMYI TPOCTPAHCTBAME T10-
CJIeTOBATEIBHOCTEl, OMEPATOPHBIMYU HI€AJIAMU W METOJIAMU TEH30PHOTrO Tpom3Beienns. Mbr dokycupyemest
Ha IPOCTPAHCTBAX IIOJIOXKHUTENBHBIX CHIBHO P-CyMMHUPYEMBIX MOCTIE0BATeNbHOCTEH £p (X)) U IIOI0KHUTETBHBIX
6e3yCJIOBHO p-CyMMUPYEMBIX ToCsIeloBaTebaocTelt £y, |, (X ), Mcromb3ys nx Haps 1y ¢ 6aHaXOBOI pereTKoii 1o-
JIOKUTEIBHEIX CJIA00 P-CyMMUPYEMBIX TIOCAEA0BATENbHOCTE L) (X ). DTH HHCTPYMEHTHI IPUMEHSIIOTCS 15
LPEJICTABJIEHUS] U XAPAKTEPUCTUKU TPEX OCHOBHBIX KJIACCOB: IOJIOXKMTEJIBHBIX CUJIBHO (P, )-CyMMUPYOIIUX
OLIEPATOPOB, IIOJIOXKUTEIBHBIX (P, ¢)-CyMMUPYOIINX ONEPATOPOB U IIOJIOKUTENBHBIX (P, q)-5/IePHBIX OIIEPATO-
pos Kosna. Hame ucciemosanme mosBossieT MOJTyIUTh HOBbIE CBOWCTBA, BKJIIOYAs XaPAKTEPUCTHUKY ITOJIOMKHU-
TeJIBHBIX (P, ¢)-CYMMUPYIOIUX OIIEPATOPOB KaK TeX, KOTOPble OTOOPAXKAIOT IOJIOKUTEJbHbIE Ge3YCI0BHO p-
CYMMUPY€EMBI€E TIOCIIEI0BATENILHOCTH B ¢-CyMMHUPYEMBbIE MTOC/IET0BATETLHOCTH, 8 TAKKe MICHTUMUKAIIAIO TIOJI0-
JKUTEJHLHOTO KJIACCA CHIIBHO (P, ¢)-CyMMUPYIOMHUX OIEPATOPOB C KJIACCOM (P, ¢)-MarKOPU3UPYIOIIAX OIEPATO-
poB. IleHTpaJdbHLIM JOCTUKEHUEM 3TOI paboThI ABJIsAeTCs YHUMDUIUPOBAHHAS XapaKTEPUCTUKA 3TUX KJIACCOB
OIIEPATOPOB TIOCPEICTBOM HEIPEPBLIBHOCTH TEH30PHOTO MPOU3BEJIEHUS — METOJ[A, XOPOIIIO 3aPEKOMEH, I0BABIIIe-
ro cebst JJIs IMHEHHBIX OIePATOPHBIX UIIEAIOB, KOTOPBIH MBI TEIlepb PACIIPOCTPAHSAEM HAa KOHTEKCT DAHAXOBBIX
pemeTok. MBI XapaKkTepu3yeM KarKJblil KJIacC HEMPepbIBHOCTHIO acCONIMUPOBAHHOIO TEH30PHOTO ONepaTopa
IQRT : 4y ®a X — g ®3 Y I COOTBETCTBYIOIIMX TE€H30PHBIX HOPM (¢ M [3. DTOT HOAXOJ YIVIyOJIsieT CBA3H
MEXKJIy CyMMHPYEMOCTBIO, CTPYKTYPO# TOPsi/IKa GAHAXOBBIX PEIIeTOK W TEeH30PHBIMU HOPMAaMH.

KuroueBble CJIOBa: PEIIETOYHBIE TPOCTPAHCTBA MOCJIEI0BATEILHOCTEH, MTOJOKUTENbHbIE (P; ¢)-CyMMU-
pyIOIIze OIEePATOPEI, MOJIOKUTEIbHbIE CUILHO (D) ¢)-CYMMUDPYIOIIHE OIIEPATOPEL.
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