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Abstract. This paper contributes to the theory of positive summing operators between Banach lattices
by exploring the interplay between specialized sequence spaces, operator ideals, and tensor product
techniques. We focus on the spaces of positive strongly p-summable sequences ℓπp (X) and positive
unconditionally p-summable sequences ℓup,|ω|(X), utilizing them alongside the Banach lattice of positive
weakly p-summable sequences ℓp,|ω|(X) . These tools are employed to present and characterize three
central classes: positive strongly (p, q)-summing operators, positive (p, q)-summing operators, and positive
Cohen (p, q)-nuclear operators. Our investigation yields new properties, including the characterization of
positive (p, q)-summing operators as those which map positive unconditionally p-summable sequences into
q-summable sequences, and the identification of the positive strongly (p, q)-summing class with the class
of (p, q)-majorizing operators. A central achievement of this work is the unified characterization of these
operator classes via tensor product continuity, a method well-established for linear operator ideals that we
now extend to the context of Banach lattices. We characterize each class by the continuity of an associated
tensor operator I ⊗T : ℓp ⊗α X → ℓq ⊗β Y for appropriate tensor norms α and β. This approach provides
a powerful and cohesive framework that deepens the connections between summability, the order structure
of Banach lattices, and tensor norms.
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1. Introduction and Background

The spaces of sequences with values in the Banach lattice are intimately related to the
summability of operators between Banach lattices. For example, the positive (p, q)-summing
operators, introduced by Blasco [1], are the continuous operators which take positive weakly
p-summable sequences ℓp,|ω|(X) into q-summable sequences ℓq(E) (see also [2]). In [3], Achour-
Belacel introduced the notion of positive strongly (p, q)-summing operators to characterize
those operators whose adjoints are positive (q∗, p∗)-summing operators.

In [4] and [5] the authors defined the space of positive strongly p-summable sequences
ℓπp (X) (initially introduced by Cohen for the Banach spaces [6]), as well as the space of
positive unconditionally p-summable sequences ℓup,|ω|(X).
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Tensor products have proved to be a useful tool for the theory of operator ideals. Indeed,
the excellent monograph [7] deals with the theory of the tensor product point of view and
provides many applications to the study of the structure of several spaces of summing linear
operators.

The following characterizations provide nice examples of how tensor products come into
the theory of summing operators:

• An operator T : X → Y is absolutely p-summing (see [8]) if and only if I⊗T : ℓp⊗εX →

ℓp ⊗∆p Y is continuous, where ∆p satisfies ∆p

(∑n
i=1 ei ⊗ xi

)
=
(∑n

i=1 ‖xi‖
p
)1/p

and ε is the
injective tensor norm (see [7]).

• Let 1 < p < ∞. An operator T : X → Y is the Cohen p-nuclear (p-dominated) if and
only if I ⊗ T : ℓp ⊗εX → ℓp ⊗π Y is continuous and π is the projective norm (see [6] and [7]).

• An operator T : X → Y is strongly p-summing if and only if I⊗T : ℓp⊗∆p X → ℓp⊗π Y
is continuous (see [9]).

The interplay between tensor products and positive summing operators have not been
explored yet. In this paper, first we utilize sequences in Banach lattice spaces to define and
characterize certain classes of positive summing operators. Then we describe these classes in
terms of the continuity of the canonically defined tensor product operator I ⊗ T : ℓp ⊗α X →
ℓp ⊗β Y for adequate p and tensor norms α and β.

Our results are presented as follows. After this introductory section, Section 2 is devoted
to providing new properties of the positive (p, q)-summing operators. Particularly, we prove
that these operators are continuous operators transforming positive lattice unconditionally
p-summable sequences ℓup,|ω|(X) into q-summable sequences ℓq(E). In Section 3, utilizing the
Banach lattice of positive strongly p-summable sequences, we present a novel characterization
of positive strongly (p, q)-summing operators. Furthermore, we demonstrate that this class
is equivalent to the class of (p, q)-majorizing operators introduced in [10]. In Section 4, we
study the notion of the positive Cohen (p, q)-nuclear operators. We explore the summability
properties of these operators by defining their corresponding operators between spaces of
positive weakly p-summable sequences ℓp,|ω|(X) and strongly positive strongly p-summable
sequences ℓπp (Y ). In the final section, we describe these classes in terms of the continuity of
an associated tensor operator that is defined between tensor products of sequences spaces.

We use standard notation for the Banach lattices (see [11, 12]). If X is an ordered set, the
usual order on XN∗

is defined by x = (xn)n∈N∗ > 0 ⇔ xn > 0 for each n ∈ N
∗. Recall that the

Banach lattice X is an ordered vector space equipped with a lattice structure and the Banach
space norm satisfying the following conditions: ‖x‖ 6 ‖y‖ whenever |x| 6 |y| for all x, y ∈ X,
where |x| = x∨ (−x). Note that this implies obviously that for any x ∈ X the elements x and
|x| have the same norm. We denote by X+ = {x ∈ X, x > 0} . An element x of X is positive
if x ∈ X+. For x ∈ X let x+ := x ∨ 0, x− := (−x) ∨ 0 be the positive part and the negative
part of x, respectively. For any x ∈ X, we have the following properties x = x+ − x− and
|x| = x+ + x−.

The dual X∗ of a Banach lattice X is a complete Banach lattice endowed with the natural
order

x∗1 6 x∗2 ⇐⇒ 〈x∗1, x〉 6 〈x∗2, x〉 for all x ∈ X+,

where 〈·, ·〉 denotes the bracket of duality.
By a sublattice of a Banach lattice X we mean a linear subspace A of X so that

sup {x, y} = x ∨ y belongs to A whenever x, y ∈ A. The canonical embedding iE : X → X∗∗

such that 〈iE (x) , x∗〉 = 〈x∗, x〉 of X into its second dual X∗∗ is an order isometry from X
into a sublattice of X∗∗, see [11, Proposition 1.a.2]. If we consider X as a sublattice of X∗∗
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we have for x1, x2 ∈ X

x1 6 x2 ⇐⇒ 〈x1, x
∗〉 6 〈x2, x

∗〉 for all x∗ ∈ X∗
+.

Throughout this paper X and Y are Banach lattices, E and F are Banach spaces. We say
h : X → Y is a vector lattice homomorphism if it is a linear operator such that h(x1 ∨ x2) =
h(x1) ∨ h(x2) for all x1, x2 ∈ X. An one-to-one, surjective vector lattice homomorphism is
called vector lattice isomorphism. A linear operator S : X → Y is called positive, if S(x) > 0
for any x > 0. A map T : X+ → Y+ is called additive if for every x, y ∈ X+ we have
T (x + y) = T (x) + T (y). We call T positively homogeneous if for each λ ∈ R+ and every
x ∈ X+, we have T (λx) = λT (x). The space of all bounded linear operators from E to
F is denoted by L (E,F ) and it is the Banach space with the usual supremum norm. The
continuous dual space L (E,K) of E is denoted by E∗, whereas BE denotes the closed unit
ball of E. The symbol E ≡ F means that E and F are isometrically isomorphic.

Let 1 6 p 6 ∞, we write p∗ the conjugate index of p, that is 1/p+1/p∗ = 1. As usual ℓp (E)
denotes the vector space of all absolutely p-summable sequences, with the usual norm ‖·‖p
and ℓp,ω (E) the space of all weakly p-summable sequences with the norm ‖(xn)n∈N∗‖p,ω =
supx∗∈BE∗ ‖(〈xn, x

∗〉)n∈N∗‖p. The closure in ℓp,ω (E) of the set of all sequences in E which
have only a finite number of non-zero terms, is a Banach space with respect to the norm
‖·‖p,ω. We denote this space by ℓup(E). Let c0 be the space of scalar sequences (λn)n∈N∗ , such
that λn −→ 0. The space

(c0)ω (E) :=
{
(xn)n∈N∗ ⊂ E : (〈xn, ξ〉)n∈N∗ ∈ c0 ∀ ξ ∈ E∗

}

is a closed subspace of ℓ∞,ω (E) = ℓ∞ (E) (see [13, § 19.4]). It is well known that ℓp,ω (E)
is an isometrically isomorphic to L (ℓp∗ , E) for 1 < p 6 ∞ and ℓ1,ω (E) is an isometrically
isomorphic to L (c0, E). We denote by ℓp 〈E〉 the space of all strongly p-summable sequences
(Cohen strongly p-summable sequences, see [6]), that is the space of all sequences (xn)n∈N∗

in E, such that (x∗n(xn))n∈N∗ ∈ ℓ1, for any (x∗n)n∈N∗ ∈ ℓp∗,ω(E
∗), which is a Banach space

with the norm

‖(xn)n∈N∗‖ℓp〈E〉 := sup
‖(x∗

n)n∈N∗‖p∗,ω61

∣∣∣∣∣
∞∑

n=1

x∗n(xn)

∣∣∣∣∣ = sup
‖(x∗

n)n∈N∗‖p∗,ω61

∞∑

n=1

|x∗n(xn)| .

The following fact, discussed in [14], is well-known

ℓp∗,ω(E
∗) ≡ [ℓp 〈E〉]∗ and [ℓp∗ 〈E

∗〉] ≡ [ℓp,ω(E)]∗ . (1.1)

Moreover, it is well-known that

[ℓp(E)]∗ ≡ ℓp∗(E
∗) for 1 6 p < ∞ and [c0(E)]∗ ≡ ℓ1 (E

∗) . (1.2)

Sequences in Banach lattice spaces. Consider the case where E is replaced by a Banach
lattice X. The space of positive weakly p-summable sequences was introduced in [4] by

ℓp,|ω|(X) =

{
(xn)n∈N∗ ∈ XN

∗
:

∞∑

n=1

〈x∗, |xn|〉
p < ∞ ∀x∗ ∈ X∗

+

}
,

endowed with the norm

‖(xn)n∈N∗‖p,|ω| = sup
x∗∈BX∗

+

(
∞∑

n=1

〈x∗, |xn|〉
p

) 1
p

.
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Also, (c0)|ω| (X) is a closed vector lattice subspace of ℓ∞,|ω| (X). Then (ℓp,|ω|(X), ‖ · ‖p,|ω|) is
a Banach lattice (see [4, 5]). Moreover, we have (I0) ‖(xn)n∈N∗‖p,ω 6 ‖(xn)n∈N∗‖p,|ω| for all
(xn)n∈N∗ ∈ ℓp,|ω| (X).

(I1) If (xn)n∈N∗ > 0, we have

‖(xn)n∈N∗‖p,|ω| = ‖(xn)n∈N∗‖p,ω . (1.3)

We define

ℓp,|ω|(X
∗) =

{
(x∗n)n∈N∗ ∈ (X∗)N

∗
:

∞∑

n=1

〈x, |x∗n|〉
p < ∞ ∀x ∈ X+

}

and

‖(x∗n)n∈N∗‖p,|ω| = sup
x∈BX+

(
∞∑

n=1

〈|x∗n|, x〉
p

) 1
p

. (1.4)

Then ℓp,|ω|(X
∗) with this norm is a Banach lattice (see [4, 5]).

Let ℓup,|ω|(X) denote the closed sublattice of ℓp,|ω|(X) defined by

ℓup,|ω|(X) =
{
(xn)n∈N∗ ∈ XN

∗
: lim

n
‖(xk)

∞
k=n+1‖p,|ω| = 0

}
.

In this case we say that (xn)n∈N∗ is positive unconditionally p-summable sequences.
Let

ℓπp (X) =

{
(xn)n∈N∗ ∈ XN∗

:

∞∑

n=1

|〈x∗n, |xn|〉| < ∞ ∀ (x∗n)n∈N∗ ∈ (ℓp∗,|ω|(X
∗))+

}

and

‖(xn)n∈N∗‖ℓπp (X) = sup
(x∗

n)n∈N∗∈B[ℓp∗,|ω|(X
∗)]+

∞∑

n=1

〈x∗n, |xn|〉. (1.5)

In this case we say that (xn)n∈N∗ is positive strongly p-summable sequences. Then ℓπp (X) with
this norm is a Banach lattice [5]. For convenience let us denote ℓ1〈X〉 = ℓπ1 (X) = ℓ1(X).

By (I0) and (I1), we have (I ′0) ‖(xn)n∈N∗‖ℓπp (X) 6 ‖(xn)n∈N∗‖ℓp〈X〉 for all (xn)n∈N∗ ∈ ℓp 〈X〉.

(I ′1) If (xn)n∈N∗ > 0, then (xn)n∈N∗ ∈ ℓπp (X) if and only if (xn)n∈N∗ ∈ ℓp 〈X〉, and

‖(xn)n∈N∗‖ℓπp (X) = ‖(xn)n∈N∗‖ℓp〈X〉 . (1.6)

Moreover, we have the following results due to [4, 15].

Proposition 1.1 [15, Proposition 3.1 and Proposition 3.2]. Let X be a Banach lattice

and 1 < p < ∞. Then

(a)

ℓπp (X
∗) =

{
(x∗n)n∈N∗ ∈ (X∗)N

∗
:

∞∑

n=1

|〈xn, |x
∗
n|〉| < ∞,∀ (xn)n∈N∗ ∈ (ℓp∗,|ω|(X))+

}

and for each (x∗n)n∈N∗ ∈ ℓπp (X
∗),

‖(x∗n)n∈N∗‖ℓπp (X∗) = sup
(xn)n∈N∗∈B[ℓp∗,|ω|(X)]+

∞∑

n=1

〈xn, |x
∗
n|〉.
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(b)

ℓπp (X
∗) =

{
(x∗n)n∈N∗ ∈ (X∗)N

∗
:

∞∑

n=1

|〈xn, |x
∗
n|〉| < ∞ ∀ (xn)n∈N∗ ∈ (ℓup∗,|ω|(X))+

}

and for each (x∗n)n∈N∗ ∈ ℓπp (X
∗),

‖(x∗n)n∈N∗‖ℓπp (X∗) = sup
(xn)n∈N∗∈B[ℓu

p∗,ω
(X)]+

∞∑

n=1

〈xn, |x
∗
n|〉.

Lemma 1.2 [4]. Let X be a vector lattice, (Y,C) be an ordered vector space, such that

Y = C − C and T : X+ −→ C be a positive, homogeneous and additive bijection. Then Y
is a lattice space and T can be uniquely extended to a lattice isomorphism from X onto Y .

Theorem 1.3. Let X be a Banach lattice and 1 < p < ∞.

(i) The Banach lattice ℓp∗,|ω|(X
∗) is lattice and isometrically isomorphic to

[
ℓπp (X)

]∗
.

(ii) The Banach lattice
[
ℓπp∗(X

∗)
]

is lattice and isometrically isomorphic to
[
ℓup,|ω|(X)

]∗

[15, Corollary 3.3 and Corollary 3.4].

⊳ (i) Let 1 < p < ∞, we define the mapping

T : ℓp∗,|ω|(X
∗) −→

[
ℓπp(X)

]∗
, x∗ = (x∗n)n∈N∗ 7−→ T (x∗) = Tx∗ ,

where Tx∗ is the linear functional defined by

Tx∗ : ℓπp (X) −→ K, (xn)n∈N∗ 7−→ Tx∗((xn)n∈N∗) =
∞∑

n=1

x∗n(xn).

The map T is clearly a positive map from
(
ℓp∗,|ω|(X

∗)
)
+

to
[
ℓπp (X)

]∗
+
, and it is homogeneous,

additive and injective. To see that it is surjective, note that if S ∈
[
ℓπp (X)

]∗
+

and

In : X −→ ℓp〈X〉, x 7−→ (0, . . . , x, 0, . . .),

x∗n = S ◦ In ∈ X∗
+ for all n ∈ N

∗.

Then

T(S◦In)n∈N∗
((xn)n∈N∗) =

∞∑

n=1

(S ◦ In)(xn) =

∞∑

n=1

S(In(xn)) = S(I1(x1)) + · · ·+ S(In(xn)) + · · ·

= S((x1, 0, . . .)) + · · ·+ S((0, . . . , xn, . . .)) + · · · = S((xn)n∈N∗).

For x ∈ B+
X , we get

(
∞∑

n=1

〈x∗n, x〉|
p∗

) 1
p∗

=

(
∞∑

n=1

|S ◦ In)(x)|
p∗

) 1
p∗

= sup
(αn)n∈N∗∈B

+
ℓp

∣∣∣∣∣
∞∑

n=1

αnS ◦ In(x)

∣∣∣∣∣

= sup
(αn)n∈N∗∈B

+
ℓp

|S((αnx)n∈N∗)| 6 ‖S‖ sup
(αn)n∈N∗∈B

+
ℓp

‖(αnx)n∈N∗‖ℓp〈X〉.
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We need to estimate the latter expression. Note that

‖(αnx)n∈N∗‖ℓp〈X〉 = sup
(x∗

n)n∈N∗∈B[ℓp∗,|ω|(X
∗)]+

∞∑

n=1

〈x∗n, |αnxn|〉

= sup
(x∗

n)n∈N∗∈B[ℓp∗,|ω|(X
∗)]+

∞∑

n=1

|αn|〈x
∗
n, |xn|〉

6 ‖(αn)n∈N∗‖p sup
(x∗

n)n∈N∗∈B[ℓp∗,|ω|(X
∗)]+

‖(xn)n∈N∗‖p∗,|ω| 6 ‖(αn)n∈N∗‖p.

Then (
∞∑

n=1

|S ◦ In)(x)|
p∗

) 1
p∗

6 ‖S‖ sup
(αn)n∈N∗∈B

+
ℓp

‖(αn)n∈N∗‖p = ‖S‖.

Hence, by (1.4), (x∗n)n∈N∗ ∈ (ℓp∗,|ω|(X
∗))+.

Since ℓp∗,|ω|(X
∗) is the Riesz space and

[
ℓπp (X)

]∗
=
[
ℓπp (X)

]∗
+
−
[
ℓπp (X)

]∗
+
, it follows from

Lemma 1.2 that
[
ℓπp (X)

]∗
is a lattice space and that T is a lattice isomorphism from ℓp∗,|ω|(X

∗)

onto
[
ℓπp (X)

]∗
.

For (x∗n)n∈N∗ ∈ ℓp∗,|ω|(X
∗), we have

‖T ((x∗n)n∈N∗)‖[ℓπp (X)]
∗ = ‖T ((x∗n)n∈N∗)‖L (ℓπp (X),K) = ‖|T ((x∗n)n∈N∗)|‖[ℓπp (X)]

∗

= ‖T (|(x∗n)n∈N∗ |)‖[ℓπp (X)]
∗ = ‖(|x∗n|)n∈N∗‖p∗,|ω| = ‖(x∗n)n∈N∗‖p∗,|ω|.

This means that T is an isometry from ℓp∗,|ω|(X
∗) onto

[
ℓπp (X)

]∗
. ⊲

2. Positive (p, q)-Summing Operators Generated by ℓup,|ω|(X)

Let 1 6 q 6 p < ∞. Following [1, Definition 1] and [3, Proposition 3.2 (1)], an operator
T : X −→ F is said to be positive (p, q)-summing if there exists a constant C > 0, such that
for every x1, . . . , xn ∈ X, we have

‖(T (xi))
n
i=1‖p 6 C ‖(xi)

n
i=1‖q,|ω| . (2.1)

For q < p = ∞, we get
sup

16i6n
‖T (xi)‖ 6 C ‖(xi)

n
i=1‖q,|ω| .

We shall denote by Λp,q(X,F ) the space of positive (p, q)-summing operators. This space
becomes a Banach space with the norm ‖ · ‖Λp,q given by the infimum of the constants
verifying (2.1). For p = ∞ and 1 6 q < ∞ we consider Λ∞,q(X,Y ) = L (X,F ) and
‖T‖Λ∞,q = ‖T‖.

Now, we give characterizations of these classes in terms of transformations of lattice vector-
valued sequences.

Proposition 2.1 [1, Proposition 2]. Let T : X −→ F be an operator and 1 6 q 6 p 6 ∞.

The following properties are equivalent.

(1) T ∈ Λp,q(X,F ).

(2) The associated operator T̂ : ℓq,|ω|(X) −→ ℓp(F ) given by T̂ ((xi)i∈N∗) = (T (xi))i∈N∗ ,

(xi)i∈N∗ ∈ ℓq,|ω|(X) is well-defined and continuous.

In this case ‖T‖Λp,q = ‖T̂‖.
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Theorem 2.2. For a continuous linear T ∈ L (X,F ) and 1 6 q 6 p 6 ∞ , the following

conditions are equivalent.

(i) T ∈ Λp,q(X,F ).

(ii) The sequence (T (xi))i∈N∗ ∈ ℓp(F ) whenever (xi)i∈N∗ ∈ ℓuq,|ω|(X).

(iii) The induced map

T̂ : ℓuq,|ω|(X) → ℓp (F ) , T̂ ((xi)i∈N∗) = (T (xi))i∈N∗ ,

is a well-defined continuous linear operator and ‖T‖Λp,q = ‖T̂‖.

⊳ (i) ⇒ (ii) Let x = (xi)i∈N∗ ∈ ℓuq,|ω|(X). We have

‖(T (xi))
n
i=1‖p 6 C ‖(xi)

n
i=1‖q,|ω| ,

for all n ∈ N
∗. So, if m1 > m2, then

‖(T (xi))
m1
i=1 − (T (xi))

m2
i=1‖p =

∥∥(T (xi))m1
i=m2+1

∥∥
p
6 C

∥∥(xi)m1
i=m2+1

∥∥
q,|ω|

.

We conclude that (yn)n∈N∗ with yn = (T (xi))
n
i=1 is the Cauchy sequence in ℓp(F ) and so

converges to some (zi)i∈N∗ ∈ ℓp(F ).

Given ε > 0, we can find N0 ∈ N
∗ so that n > N0 ⇒ ‖(T (xi))

n
i=1 − (zi)i∈N∗‖p < ε.

So, for a fixed i0 ∈ N
∗, we have ‖T (xi0) − zi0‖ < ε. We conclude that T (xi0) = zi0 . Hence

(T (xi))i∈N∗ = (zi)i∈N∗ ∈ ℓp(F ).

(ii) ⇒ (iii) Is it clear that T is linear implies that T̂ is linear, for show that T̂ is continuous
we showing that T̂ has a closed graph. Suppose that the sequence (T (xi))i∈N∗ ∈ ℓp(F )

whenever (xi)i∈N∗ ∈ ℓuq,|ω|(X) and let
(
(xk, T̂ (xk))

)
k∈N∗ be a convergent sequence in the

Cartesian product ℓuq,|ω|(X) × ℓp(F ) that is, ((xki )i∈N∗ , T̂ ((xki )i∈N∗) −→ (x, y) . So

xk −→ x = (xn)n∈N∗ ∈ ℓuq,|ω|(X), (2.2)

and
T̂ (xk) −→ y = (yn)n∈N∗ ∈ ℓp(F ). (2.3)

From (2.2), for all ε > 0 there exist k0 > 0, such that

|x∗(xki − xi)|
q
6

(
|x∗||(xki − xi)|

)q
6

∞∑

i=1

(
x∗|(xki − xi)|

)q

6 sup
x∗∈BX∗

+

(
∞∑

i=1

(
x∗|(xki − xi)|

)q
)

6 ‖xk − x‖qq,|ω| 6 εq

whenever k > k0, x∗ ∈ BX∗
+

and for all i ∈ N
∗. In this way, by the Hanh–Banach theorem, we

get
‖xki − xi‖

q = sup
x∗∈BX∗

|x∗(xki − xi)|
q
6 2q sup

x∗∈BX∗
+

|x∗(xki − xi)|
q
6 2qεq, (2.4)

whenever k > k0 and for all i ∈ N
∗, then we have xki −→ xi ∈ X for all k −→ ∞. How T is

continuous, we find
lim
k

T (xki ) = T (xi) for all i ∈ N
∗.
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From (2.3), for all ε > 0 there exist k
′

0 > 0, such that

∥∥∥T
(
xk

′

i

)
− yi

∥∥∥
p
6

∞∑

i=1

∥∥∥T (xk
′

i )− yi

∥∥∥
p
6

∥∥∥(T (xk
′

i ))i∈N∗ − (yi)i∈N∗

∥∥∥
p

p
=
∥∥∥T̂ (xk

′

)− y
∥∥∥
p

p
6 εp,

whenever k
′
> k

′

0 and for all i ∈ N
∗, we find

lim
k

T (xk
′

i ) = yi for all i ∈ N
∗. (2.5)

From (2.4), (2.5) and uniqueness of the limit, it follows that

T̂ (x) = (T (xi))i∈N∗ = (yi)i∈N∗ = y.

This implies that the linear mapping T̂ has a closed graph.
(iii) ⇒ (i) is straightforward. ⊲

3. Positive Strongly (p, q)-Summing Operators Generated by ℓπp (Y )

Let 1 6 q 6 p 6 ∞. Recall that an operator T ∈ L (E,Y ) is called positive strongly
(p, q)-summing [3, Remark 4.2] if there exists a constant C > 0, such that for all finite sets,
(xi)

n
i=1 ⊂ E and (y∗i )

n
i=1 ⊂ (Y ∗)+, we have

n∑

i=1

|〈T (xi), y
∗
i 〉| 6 C‖(xi)

n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,ω. (3.1)

We shall denote by D+
p,q(E,Y ) the space of positive strongly (p, q)-summing operators or

D+
p (E,Y ) if p = q, the space of positive strongly p-summing operators. This space becomes

a Banach space with the norm ‖ · ‖
D

+
p,q

given by the infimum of the constants verifying (3.1).

Lemma 3.1. The operator T ∈ D+
p,q(E,Y ) if and only if there exists a constant C > 0,

such that for all finite sets, (xi)
n
i=1 ⊂ E and (y∗i )

n
i=1 ⊂ (Y ∗)+, we have

‖(T (xi)
n
i=1‖ℓπp (Y ) 6 C‖(xi)

n
i=1‖q. (3.2)

⊳ Let T ∈ D+
p,q(E,Y ), then there exists a constant C > 0, such that for all finite sets,

(xi)
n
i=1 ⊂ E and (y∗i )

n
i=1 ⊂ (Y ∗)+, we have

n∑

i=1

|〈T (xi), y
∗
i 〉| 6 C‖(xi)

n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,ω.

For each z ∈ Y and z∗ ∈ Y ∗,

|z∗|(|z|) = sup {|g∗(z)| : |g∗| 6 |z∗|} . (3.3)

Now let (y∗i )
n
i=1 ∈ (ℓp∗,|ω|(Y

∗))+ and let ε > 0. From (3.3), there exists, for each 1 6 i 6 n,
an element g∗i ∈ Y ∗, such that |g∗i | 6 |y∗i |, and

|y∗i |(|T (xi)|) 6 |g∗i (T (xi))|+
ε

n
.
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Note that (g∗i )
n
i=1 ∈ (ℓnp∗,|ω|(Y

∗))+. Then

n∑

i=1

〈|T (xi)|, y
∗
i 〉 =

n∑

i=1

〈|T (xi)|, |y
∗
i |〉 6

n∑

i=1

|〈T (xi), g
∗
i 〉|+ ε

6 C [‖(xi)
n
i=1‖q‖(g

∗
i )

n
i=1‖p∗,ω] + ε 6 C [‖(xi)

n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,ω] + ε.

Then
‖(T (xi)

n
i=1‖ℓπp (Y ) 6 C‖(xi)

n
i=1‖q + ε.

Conversely, directly by |〈T (xi), y
∗
i 〉| 6 〈|T (xi)|, y

∗
i 〉 for every i. ⊲

As in classical cases, the natural approach to presenting the summability properties of
positive strongly (p, q)-summing operators by defining the corresponding operator between
appropriate lattice sequence spaces.

Proposition 3.2. Let T : E −→ Y be an operator and 1 6 q 6 p 6 ∞. The following

properties are equivalent:

(1) T ∈ D+
p,q(E,Y ).

(2) The associated operator T̂ : ℓq(E) −→ ℓπp (Y ) given by T̂ ((xi)i∈N∗) = (T (xi))i∈N∗ ,

(xi)i∈N∗ ∈ ℓq(E) is well-defined and continuous.

In this case ‖T‖
D

+
p,q

= ‖T̂ ‖.

⊳ For the necessity, let T ∈ D+
p,q(E,Y ), (xi)i∈N∗ ∈ ℓq(E) and (y∗i )i∈N∗ ∈ (ℓp∗,|ω|(Y

∗))+.
Then by Lemma 3.1, we have

∞∑

i=1

〈|T (xi)|, y
∗
i 〉 = sup

n

n∑

i=1

〈|T (xi)|, y
∗
i 〉 6 ‖T‖

D
+
p,q

sup
n
‖(xi)

n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,ω

6 ‖T‖
D

+
p,q
‖(xi)i∈N∗‖q‖(y

∗
i )i∈N∗‖p∗,ω,

which implies

sup
(y∗i )i∈N∗∈B[ℓp∗,|ω|(Y

∗]+

∞∑

i=1

〈|T (xi)|, y
∗
i 〉 6 ‖T‖

D
+
p,q

‖(xi)i∈N∗‖q .

Consequently, we obtain

‖(T (xi))i∈N∗‖ℓπp (Y ) = sup
(y∗i )i∈N∗∈B[ℓp∗,|ω|(Y

∗]+

∞∑

i=1

〈|T (xi)|, y
∗
i 〉 6 ‖T‖

D
+
p,q

‖(xi)i∈N∗‖q ,

and therefore T̂ is continuous with norm 6 ‖T‖
D

+
p,q

.

In order to prove sufficiency, suppose T̂ is well-defined and continuous and assume that
T /∈ D+

p,q(E,Y ). Then for each n ∈ N
∗, we may choose a finite sequence (xi,n)

mn

i=1 ⊂ E, such
that

∥∥(xi,n)mn

i=1

∥∥
q
6 1 and ‖(T (xi,n))

mn

i=1‖ℓπp (Y ) > 2n, which implies

mn∑

i=1

〈|T (xi,n)|, y
∗
i,n〉 > 22n (3.4)

for some (y∗i,n)
mn

i=1 ∈ (ℓp∗,|ω|(Y
∗))+, such that ‖(y∗i,n)

mn

i=1‖p∗,ω 6 1. Let (zj)j∈N∗ be the sequence
((xi,1

21

)m1

i=1
,
(xi,2
22

)m2

i=1
, . . . ,

(xi,n
2n

)mn

i=1
, . . .

)

=
(x1,1

21
,
x2,1
21

, . . . ,
xm1,1

21
,
x1,2
22

,
x2,2
22

, . . . ,
xm2,2

22
, . . . ,

x1,n
2n

,
x2,n
2n

, . . . ,
xmn,n

2n
, . . .

)
.
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We have

‖(zj)j∈N∗‖q =




∞∑

j=1

mj∑

i=1

∥∥∥xi,j
2j

∥∥∥
q




1
q

=




∞∑

j=1

1

2jq
∥∥(xi,j)mj

i=1

∥∥q
q




1
q

6




∞∑

j=1

1

2jq




1
q

6 1.

Then, (zj)j∈N∗ ∈ ℓq(E). However, T̂ ((zj)j∈N∗) /∈ ℓπp (Y ). In order to see this, consider the
sequences

(ϕj)j∈N∗ =

((
y∗i,1
21

)m1

i=1

,

(
y∗i,2
22

)m2

i=1

, . . . ,

(
y∗i,n
2n

)mn

i=1

, . . .

)
.

Clearly (ϕj)j∈N∗ ∈ B(ℓp∗,|ω|(Y
∗))+ . Then

‖(ϕj)j∈N∗‖p∗,|ω| = sup
y∈BY+




∞∑

j=1

mj∑

i=1

〈
x,

y∗i,j
2j

〉p∗



1
p∗

= sup
y∈BY+




∞∑

j=1

1

2jp∗

mj∑

i=1

〈x, y∗i,j〉
p∗




1
p∗

6




∞∑

j=1

1

2jp∗




1
p∗

6 1.

By (3.4) it turns out that

‖T̂ ((zj)j∈N∗)‖ℓπp (Y ) = ‖(T (zj))j∈N∗‖ℓπp (Y ) = sup
‖(ξj)j∈N∗‖p∗,ω

61

∞∑

j=1

〈|T (zj)|, ξj〉

>

∞∑

j=1

〈|T (zj)|, ϕj〉 =

∞∑

j=1

1

22j

mj∑

i=1

〈|T (xi,j)|, y
∗
i,j〉 = ∞,

which according (1.5) is a contradiction with the fact that T̂ maps ℓq(X) (continuously)
into ℓπp(Y ). Since

‖(T (xi))i∈N∗)‖ℓπp (Y ) = ‖T̂ ((xi)i∈N∗)‖ℓπp (Y ) 6 ‖T̂‖ ‖(xi)i∈N∗‖q ,

we have ‖T‖
D

+
p,q

6 ‖T̂ ‖. ⊲

In the following result, we characterize the class of positive summing linear operators and
positive strongly summing linear operators by utilizing the adjoint operator. For the proof of
this result, we will utilize the duality of lattice sequence spaces. Theorem 3.3 was established in
[3, Theorem 4.6], and the proof provided there is direct. Using Theorem 1.3, the formula (1.2),
Proposition 3.2 and taking into account that the adjoint of the T̂ : ℓq(E) −→ ℓπp(Y ) can be

identified with the operator T̂ ∗ : ℓp∗,|ω|(Y
∗) −→ ℓq∗(E

∗); T̂ ∗((y∗i )i∈N∗) = (T ∗(y∗i ))i∈N∗ , we
provide an alternative proof of the results in Theorem 3.3.

Theorem 3.3. Let T : E −→ Y be an operator and 1 6 q 6 p 6 ∞.

(1) The operator T belongs to Λp,q(X,F ) if and only if its adjoint T ∗ belongs to

D
+
q∗,p∗(F

∗,X∗). Furthermore, ‖T‖Λp,q = ‖T ∗‖
D

+
q∗,p∗

.

(2) The operator T belongs to D+
p,q(E,Y ) if and only if its adjoint T ∗ belongs to

Λq∗,p∗(Y
∗, E∗). Furthermore, ‖T‖

D
+
p,q

= ‖T ∗‖Λq∗,p∗
.
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⊳ (1) Let T ∈ L (X,F ) and T ∗ ∈ L (F ∗,X∗) its adjoint. Suppose that T ∈ Λp,q(X,F ),

then by Theorem 2.2 T̂ : ℓuq,|ω|(X) −→ ℓp(F ) is continuous with ‖T‖Λp,q = ‖T̂ ‖. By (1.2) and
Theorem 1.3, the following diagram commutes

ℓp (F )∗
T̂ ∗

−→ ℓuq,|ω|(X)∗

J1 ↑ ↑ J2

ℓp∗(F
∗)

T̂ ∗

−→ ℓπq∗(X
∗)

i. e., T̂ ∗ ◦ J1 = J2 ◦ T̂ ∗, where J1 is an isometric isomorphism and J2 is an isometric lattice
isomorphism, such that Ji((z

∗
n)n∈N∗)((zn)n∈N∗) = f((zn)n∈N∗) =

∑∞
n=1 〈zn, z

∗
n〉, i = 1, 2, with

the inverse Ii, defined by Ii (f) = (f ◦ In)n∈N∗ = (z∗n)n∈N∗ . In fact, the map T̂ ∗, defined by
(y∗n)n∈N∗ 7→ (T ∗ (y∗n))n∈N∗ , let (y∗n)n∈N∗ ∈ ℓp∗(F

∗), then for all (xn)n∈N∗ ∈ ℓuq,|ω|(X),

(T̂ ∗ ◦ J1)((y
∗
n)n∈N∗) ((xn)n∈N∗) = J1((y

∗
n)n∈N∗)

(
T̂ ((xn)n∈N∗)

)

= J1((y
∗
n)n∈N∗) ((T (xn))n∈N∗)

∞∑

n=1

〈y∗n, T (xn)〉

∞∑

n=1

〈T ∗(y∗n), xn〉 = J2((T
∗(y∗n))n∈N∗) ((xn)n∈N∗)

= J2(T̂ ∗ ((y∗n)n∈N∗)) ((xn)n∈N∗) = (J2 ◦ T̂ ∗) ((y∗n)n∈N∗) ((xn)n∈N∗) ,

i. e., T̂ ∗ ◦ J1 = J2 ◦ T̂ ∗. Then, T̂ is well-defined and continuous if and only if T̂ ∗ is well-
defined and continuous. Consequently, from Proposition 3.2, it follows that T is positive
(p, q)-summing, if and only if its adjoint T ∗ ∈ L (F ∗,X∗) is strongly positive (q∗, p∗)-summing.
Furthermore, ‖T‖Λp,q = ‖T ∗‖

D
+
q∗,p∗

= ‖T̂‖.

(2) Let T ∈ D+
p,q(E,Y ). Then, by Proposition 3.2, the operator T̂ : ℓq(E) −→ ℓπp (Y ) is

continuous with ‖T‖
D

+
p,q

= ‖T̂ ‖. Using Theorem 1.3, and taking into account that the adjoint

of the operator T̂ : ℓq(E) −→ ℓπp (Y ) can be identified with the operator

T̂ ∗ : ℓp∗,|ω|(Y
∗) −→ ℓq∗(E

∗) given by T̂ ∗((y∗i )i∈N∗) = (T ∗(y∗i ))i∈N∗ ,

we obtain T̂ and T̂ ∗ are well-defined and continuous. Therefore, it follows from Proposition 2.1
that T is positive strongly (p, q)-summing if and only if its adjoint T ∗ is positive (q∗, p∗)-
summing, and ‖T‖

D
+
p,q

= ‖T ∗‖Λq∗,p∗
= ‖T̂ ‖. ⊲

Corollary 3.4. Let 1 6 q 6 p 6 ∞.

(1) The operator T ∈ L (E,Y ) belongs to D+
p,q(E,Y ) if and only if T ∗∗ belongs to

D+
p,q(E

∗∗, Y ∗∗). Furthermore,

‖T‖
D

+
p,q

= ‖T ∗∗‖
D

+
p,q
.

(2) The operator T ∈ L (X,F ) belongs to Λp,q(X,F ) if and only if T ∗∗ belongs to

Λp,q(X
∗∗, F ∗∗). Furthermore,

‖T‖Λp,q = ‖T ∗∗‖Λp,q .

We say that an operator T : E −→ Y is called positive (p, q)-majorizing (see [10] for
p = q) if there exists a constant C > 0, such that

(
n∑

i=1

|〈T (zi), y
∗
i 〉|

q∗

) 1
q∗

6 C‖(y∗i )
n
i=1‖p∗,ω (3.5)
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for all (zi)ni=1 in BE and (y∗i )
n
i=1 in (Y ∗)+. The space of all positive (p, q)-majorizing from E to

Y is denoted by Υp,q(E,Y ). This space becomes a Banach space with the norm ‖ · ‖Υp,q given
by the infimum of the constants C satisfying (3.5). In [10], the authors proved the duality
relationships between positive p-summing operators and positive p-majorizing operators. It
was known [3] that an operator T : X −→ F is positive p-summing if and only if T ∗ is positive
strongly p∗-summing. Similarly, an operator T : E −→ Y is positive strongly p-summing if
and only if T ∗ is positive p∗-summing. In the following, we directly prove that the concept of
positive strongly p-summing and the concept of positive p-majorizing are equivalent.

Theorem 3.5. Let T : E −→ Y be an operator. The following conditions are equivalent:

(1) T is positive (p, q)-majorizing.

(2) T is positive strongly (p, q)-summing.

⊳ Suppose that T is positive (p, q)-majorizing, given any finite sequence (xi)
n
i=1 in E and

(y∗i )
n
i=1 in (Y ∗)+, we get

n∑

i=1

|〈T (xi), y
∗
i 〉| =

n∑

i=1

‖xi‖

∣∣∣∣
〈
T

(
xi

‖xi‖

)
, y∗i

〉∣∣∣∣

6

(
n∑

i=1

‖xi‖
q

) 1
q
(

n∑

i=1

∣∣∣∣
〈
T

(
xi
‖xi‖

)
, y∗i

〉∣∣∣∣
q∗
) 1

q∗

6 ‖T‖Υp‖(xi)
n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,|ω|.

This implies that T is positive strongly (p, q)-summing and ‖T‖D+
p,q

6 ‖T‖Υp,q .

Conversely, assume that T is positive strongly (p, q)-summing. Let (zi)ni=1 be a finite sequence
in BE and (y∗i )

n
i=1 in (Y ∗)+, we have

(
n∑

i=1

|〈T (zi), y
∗
i 〉|

q∗

) 1
q∗

= sup
(λi)ni=1∈Bℓq

∣∣∣∣∣
n∑

i=1

λi〈T (zi), y
∗
i 〉

∣∣∣∣∣

= sup
(λi)ni=1∈Bℓq

∣∣∣∣∣
n∑

i=1

〈
T (λizi), y

∗
i

〉
∣∣∣∣∣ 6 ‖T‖D+

p,q
sup

(λi)ni=1∈Bℓq

‖(λizi)
n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,|ω|

6 ‖T‖D+
p,q

sup
(λi)ni=1∈Bℓq

‖(λi)
n
i=1‖q‖(y

∗
i )

n
i=1‖p∗,|ω| = ‖T‖D+

p,q
‖(y∗i )

n
i=1‖p∗,|ω|.

This means that T is positive (p, q)-majorizing and ‖T‖Υp,q 6 ‖T‖D+
p,q
. ⊲

Corollary 3.6. T ∈ L (E,Y ) is positive p-majorizing if and only if T is positive strongly

p-summing.

4. Positive Cohen (p, q)-Nuclear Operators

Cohen [6] introduced the concept of p-nuclear operators, which was extended to the Cohen
(p, q)-nuclear operators by Apiola [14]. Let 1 < p, q 6 ∞. An operator T ∈ L (E,F ) is Cohen
(p, q)-nuclear if (T (xn))n∈N∗ ∈ ℓp 〈F 〉 whenever (xn)n∈N∗ ∈ ℓq,ω (E). We denote the space of
Cohen (p, q)-nuclear operators by CN p,q (E,F ). According to [6, 14], the following conditions
are equivalent for a linear operator T ∈ L (E,F ):

T ∈ C N p,q (E,F ) ⇐⇒ T̂ ∈ L (ℓq,ω (E) , ℓp 〈F 〉) , (4.1)

where T̂ ((xn)n∈N∗) = (T (xn))n∈N∗ for every (xn)n∈N∗ ∈ ℓq,ω (E) .
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In this section, we introduce the positive Cohen (p, q)-nuclear operators. For p = q, these
operators are closely linked to positive strongly p-summing and positive p-summing operators,
as stated in Kwapien’s Factorization Theorem (see [16, Proposition 2]). Here, we distinguish
three cases.

Definition 4.1. Let 1 6 q 6 p < ∞ and X, Y be Banach lattices, E and F be Banach
spaces.

(a) An operator T from a Banach lattice X to a Banach space F is left positive Cohen
(p, q)-nuclear if there exists a constant C > 0, such that for all (xi)ni=1 ⊂ X+, we have (see [17])

‖(T (xi))
n
i=1‖ℓp〈F 〉 6 C‖(xi)

n
i=1‖q,|ω|. (4.2)

(b) An operator T from a Banach space E to a Banach lattice Y is right positive Cohen
(p, q)-nuclear if there exists a constant C > 0, such that for all (xi)ni=1 ⊂ E, we have

‖(T (xi))
n
i=1‖ℓπp (Y ) 6 C‖(xi)

n
i=1‖q,ω. (4.3)

(c) An operator T from a Banach lattice X to a Banach lattice Y is positive Cohen (p, q)-
nuclear if there exists a constant C > 0, such that for all (xi)ni=1 ⊂ X, we have

‖(T (xi))
n
i=1‖ℓπp (Y ) 6 C‖(xi)

n
i=1‖q,|ω|,

see [10, Definition 3.1] for r = 1.

The class of all positive Cohen (p, q)-nuclear operators from X to Y (respectively X
to F and E to Y ) is denoted by C N

+
p,q(X,Y ) (respectively C N

left,+
p,q (X,F ) and

C N
right,+
p,q (E,Y )).

We put ‖T‖
C N

+
p,q

= inf C.

The proof of the following results follows similar lines as in Proposition 3.2 and
Proposition 3.22 in [17] and is omitted.

Proposition 4.2. Let 1 6 q 6 p < ∞ and X, Y be Banach lattices, E and F be Banach

spaces.

(1) T ∈ C N
left,+
p,q (X,F ) if and only if T̂ : ℓq,|ω|(X) −→ ℓp〈F 〉 is a well-defined continuous

linear operator [17, Proposition 3.22].
(2) T ∈ C N

right,+
p,q (E,Y ) if and only if T̂ : ℓq,ω(E) −→ ℓπp (Y ) is a well-defined continuous

linear operator.

(3) T ∈ C N
+
p,q(X,Y ) if and only if T̂ : ℓq,|ω|(X) −→ ℓπp(Y ) is a well-defined continuous

linear operator.

A result by Apiola states that the adjoint of a Cohen (p, q)-nuclear linear operator is
Cohen (q∗, p∗)-nuclear linear operator. When p = q, this result appears in [6]. Utilizing
Theorem 1.3, (1.1) and (1.2) and taking into account that the adjoint of the operators
T̂ : ℓq,|ω|(X) −→ ℓp〈F 〉, T̂ : ℓq,ω(E) −→ ℓπp (Y ) and T̂ : ℓq,|ω|(X) −→ ℓπp (Y ) can be identified
with the operators

T̂ ∗ : ℓp∗,ω (F
∗) −→ ℓπq∗(X

∗), T̂ ∗ : ℓq,|ω| (Y
∗) −→ ℓq∗ 〈E

∗〉 and T̂ ∗ : ℓp∗,|ω| (Y
∗) −→ ℓπq∗(X

∗),

defined as T̂ ∗((x∗n)n∈N∗) = (T ∗(x∗n))n∈N∗ , we extend this to positive Cohen (p, q)-nuclear
operators.

Theorem 4.3. Let 1 6 q 6 p < ∞ and X, Y be Banach lattices, E and F be Banach

spaces.
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(1) The operator T belongs to C N
left,+
p,q (X,F ) if and only if its adjoint T ∗ belongs to

C N
right,+
q∗,p∗ (F ∗,X∗). Furthermore,

‖T‖
C N

left,+
p,q

= ‖T ∗‖
C N

right,+
q∗,p∗

.

(2) The operator T belongs to C N
right,+
p,q (E,Y ) if and only if its adjoint T ∗ belongs to

C N
left,+
q∗,p∗ (Y ∗, E∗). Furthermore,

‖T‖
C N

right,+
p,q

= ‖T ∗‖
C N

left,+
q∗,p∗

.

(3) The operator T belongs to C N
+
p,q(X,Y ) if and only if its adjoint T ∗ belongs to

C N
+
q∗,p∗(Y

∗,X∗). Furthermore,

‖T‖
C N

+
p,q

= ‖T ∗‖
C N

+
q∗,p∗

.

Remark 4.4. In a recent paper [10, Definition 3.1], the authors introduced the concept of
positive (p, q)-dominated, where 1/p+1/q = 1/r, defined between Banach lattices. Within this
framework, both the Pietsch Domination Theorem and the Kwapien Factorization Theorem
are established. This concept precisely aligns with the positive Cohen p-nuclear concept
presented here when r = 1. Thus, by referring the reader to the papers [10, Theorem 3.3
and Theorem 3.7], we can also derive the well-known theorems, namely Pietsch’s Domination
Theorem and Kwapien’s Factorization Theorem, for the other two concepts proposed here
(for left and right positive Cohen p-nuclear). Notice that Kwapien’s Factorization Theorem
ensures that positive Cohen p-nuclear are closely related to positive strongly p-summing and
positive p-summing operators.

5. Tensor Characterizations

Now we are interested to characterize the aforementioned classes using abstract
summability properties linked to the continuity of tensor product operators defined within
vector-valued sequence spaces.

The Wittstock injective tensor product and Fremlin projective tensor product. For Banach
lattices X and Y , let X ⊗ Y denote the algebraic tensor product of X and Y . For each
u =

∑n
i=1 xi ⊗ yi ∈ X ⊗ Y , define Tu : X∗ → Y by Tu(x

∗) =
∑n

i=1 x
∗(xi)yi for each x∗ ∈ X∗.

The injective cone on X ⊗ Y is defined to be

Ci =

{
u =

n∑

i=1

xi ⊗ yi ∈ X ⊗ Y : Tu(x
∗) ∈ Y+ ∀x∗ ∈ X∗

+

}
.

Wittstock [18, 19] introduced the positive injective tensor norm on X ⊗ Y as follows:

‖u‖i = inf
{
sup

{
‖Tv(x

∗)‖ : x∗ ∈ BX∗
+

}
: v ∈ Ci, u± u ∈ Ci

}
.

Let X⊗̃iY denote the completion of X ⊗ Y with respect to ‖·‖i. Then X⊗̃iY with Ci as its
positive cone is a Banach lattice (also see [20, Section 3.8 ]), called the Wittstock injective
tensor product of X and Y . The projective cone on X ⊗ Y is defined to be

Cp =

{
n∑

i=1

xi ⊗ yi : xi ∈ X+, yi ∈ Y+, n ∈ N

}
.
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Fremlin [21, 22] introduced the positive projective tensor norm on X ⊗ Y as follows:

‖u‖|π| = sup

{∣∣∣∣∣
n∑

i=1

φ(xi, yi)

∣∣∣∣∣ : u =
n∑

i=1

xi ⊗ yi ∈ X ⊗ Y, φ ∈ M

}
,

where M is the set of all positive bilinear functional φ on X × Y with ‖φ‖ 6 1. Let X⊗̂FY
denote the completion of X ⊗ Y with respect to ‖·‖|π|. Then X⊗̂FY with Cp as its positive
cone is a Banach lattice (also see [20, Sect. 3.8 ]), called the Fremlin projective tensor product
of X and Y . Let p be real numbers, such that 1 < p < ∞, then, due to [5, 4] we have

(P1) ℓ
u
p,|ω|(X) is isometrically lattice isomorphic to ℓp⊗̃iX.

(P2) ℓ
π
p (X) is isometrically lattice isomorphic to ℓp⊗̂FX.

Let ℓp⊗̂ǫE and ℓp⊗̂πE denote the Grothendieck injective and projective tensor product of
ℓp with a Banach space E, respectively (see Ryan [23]). It is well known that the space ℓup,ω(E)

is isometrically isomorphic to ℓp⊗̂ǫE whereas ℓp(X) is isometrically isomorphic to ℓp ⊗∆p

X (see [7, 12.9] and ℓp 〈E〉 is isometrically isomorphic to ℓp⊗̂πE (see [6, Proposition 2.2.5
and Proposition 2.2.6], [24, Corrolary 3.9] and [25]). Given a linear operator T : X → Y , its
associated tensor product operator I ⊗ T : ℓp ⊗X → ℓp ⊗ Y is defined by

I ⊗ T

(
n∑

i=1

ei ⊗ xi

)
:=

n∑

i=1

ei ⊗ T (xi),

and this map is clearly linear.
We apply now Theorem 2.2 and (P1) to the class of positive (p, q)-summing operators to

get new characterizations in terms of tensor product transformations.

Corollary 5.1. Let 1 < p < ∞ and T ∈ L (X,F ). The following conditions are equivalent:

(1) T is positive (p, q)-summing operator.

(2) The induced linear operator I ⊗ T : ℓq⊗̃iX → ℓp⊗̂πF is continuous.

In this case ‖T‖Λp,q = ‖I ⊗ T‖.

According to (P1) and Theorem 3.2, we obtain characterizations in terms of tensor product
transformations for the class of positive strongly (p, q)-summing operators.

Corollary 5.2. Let 1 < p 6 ∞ and T ∈ L (E,Y ). The following properties are equivalent:

(1) T is positive strongly p-summing.

(2) The induced linear operator I ⊗ T : ℓp⊗̂∆pE → ℓp⊗̂FY is continuous.

In this case ‖T‖
D

+
p,q

= ‖I ⊗ T‖.

It is known from [6, Theorem 2.1.3] that T ∈ L (E,F ) is Cohen p-nuclear if and only if
the mapping I ⊗ T : ℓp⊗̂ǫE → ℓp⊗̂πF is continuous. Utilizing Proposition 4.2, (P1) and (P2),
we extend this result as follows.

Corollary 5.3. Let 1 6 q 6 p < ∞ and X, Y be Banach lattices, E and F be Banach

spaces.

(a1) T ∈ L (X,F ) is left positive Cohen (p, q)-nuclear if and only if the mapping I ⊗ T :
ℓq⊗̃iX → ℓp⊗̂πF is continuous.

(a2) T ∈ L (E,Y ) is positive right Cohen (p, q)-nuclear if and only if the mapping I⊗T :
ℓq⊗̂ǫE → ℓp⊗̂FY is continuous.

(a3) = T ∈ L (X,Y ) is positive Cohen (p, q) -nuclear if and only if the mapping I ⊗ T :
ℓq⊗̃iX → ℓp⊗̂FY is continuous.
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Аннотация. Данная работа относится к теории положительных суммирующих операторов меж-
ду банаховыми решетками, исследуя взаимодействие между специализированными пространствами по-
следовательностей, операторными идеалами и методами тензорного произведения. Мы фокусируемся
на пространствах положительных сильно p-суммируемых последовательностей ℓπp (X) и положительных
безусловно p-суммируемых последовательностей ℓup,|ω|(X), используя их наряду с банаховой решеткой по-
ложительных слабо p-суммируемых последовательностей ℓp,|ω|(X). Эти инструменты применяются для
представления и характеристики трех основных классов: положительных сильно (p, q)-суммирующих
операторов, положительных (p, q)-суммирующих операторов и положительных (p, q)-ядерных операто-
ров Коэна. Наше исследование позволяет получить новые свойства, включая характеристику положи-
тельных (p, q)-суммирующих операторов как тех, которые отображают положительные безусловно p-
суммируемые последовательности в q-суммируемые последовательности, а также идентификацию поло-
жительного класса сильно (p, q)-суммирующих операторов с классом (p, q)-мажоризирующих операто-
ров. Центральным достижением этой работы является унифицированная характеристика этих классов
операторов посредством непрерывности тензорного произведения — метода, хорошо зарекомендовавше-
го себя для линейных операторных идеалов, который мы теперь распространяем на контекст банаховых
решеток. Мы характеризуем каждый класс непрерывностью ассоциированного тензорного оператора
I ⊗ T : ℓp ⊗α X → ℓq ⊗β Y для соответствующих тензорных норм α и β. Этот подход углубляет связи
между суммируемостью, структурой порядка банаховых решеток и тензорными нормами.

Ключевые слова: решеточные пространства последовательностей, положительные (p; q)-сумми-
рующие операторы, положительные сильно (p; q)-суммирующие операторы.
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