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Abstract. In this paper, we examine what remains the same between order convergence and unbounded
order convergence, as well as between unbounded order continuity and strongly unbounded order
continuity. In [1], Gao et al. proved that a sublattice of a Riesz space is order closed if and only if it
is unbounded order closed. It is shown that o-ideals and unbounded o-ideals are the same. Additionally, it
is established that injective band operators are unbounded order continuous, while bijective order bounded
disjoint preserving operators are order continuous. Let G be an order dense majorizing Riesz subspace of
a Riesz space E, and let F' be a Dedekind complete Riesz space. In reference [2], the question is posed:
If T: G — F is a positive strongly unbounded order continuous operator, does T have a unique positive
strongly unbounded order continuous extension to all of E7 We prove that this problem has a positive
answer whenever G is suo-convergence reducing of E, namely, if 2z, *5 0 in E then z, %3 0 in G for any
net (z) in G.
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1. Introduction and Preliminaries

In classical literature such as [3, 4], the definition of order convergence are slightly different.
In [5], various types of order convergence are investigated. We will consider two of them. A net
of a set X is a mapping u : I' — X from a directed set I' to X. As usual, u(«) is denoted by z,
and the net u : I' — X by (x,), omitting the directed set I' if its presence is not necessary.

Let E be the Riesz space. A net (4 )qer in E is:

(a) order convergent (o-convergent) to x € E if there is another net (zg)gea in E with
zg 1 0 and for every 3, there exists o such that |z, — x| < z3 for all @ > ag. In this case, we
write 2, — .

(b) strongly order convergent (so-convergent) to x € E if there is a net (Yo )aer in E such
that (yo) 4 0 and |z, — x| < yq for some ag and for all a > ag. In this case, we write 24 -5 .

Obviously, z, =3 z implies z, — z. In general, o-convergence of a sequence does not
imply so-convergence (see |5, Example 1.4]). If E is the Dedekind complete Riesz space, then
strongly order convergence is equivalent to order convergence. A net (z,,) is unbounded order
convergent (uo-convergent) to x € E, written as 24 — «, if |24 — 2| Au 5 0 for all u € E.
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Similarly, strongly unbounded order convergence is defined. In this case, we write zo 5 .
It is clear that z, =5 implies x, .

Recall that a net (z) in a Riesz space F is said to be order bounded if there exists © € E
such that |z,| < z for all a. For any net (z,) in E,

(i) o 2 0iff |z4] 2 0;

(ii) zoq > z iff £o 23 = and a tail of (x,) is order bounded;

(iil) 2o 2 0iff 24 2% = and a tail of (x,) is order bounded.

Note that the uo-limit is unique whenever it exists. Let R¥ be the Riesz space of all real-
valued functions on a non-empty set X, equipped with the pointwise order. It is not difficult
to see that a net z, in R¥ wo-converges to € R¥ iff it converges pointwise to 2. For general
results on wo-convergence we refer the reader to [1, 6, 7].

An order closed ideal is referred to as band. Let A be a nonempty subset of the Riesz
space E. Then the band generated by A is the smallest band that contains A. The band
generated by a set A and an element x is denoted by B4 and B, , respectively. We write A%
for (A%)? where A? is disjoint complement of A, namely, A? = {x € E: x L y for all y € A}.
The band generated by a nonempty subset A of an Archimedean Riesz space is A%. The ideal
A in FE is called o-ideal whenever it follows from (z,,) C A and supx,, = z in E that z € E.

All Riesz spaces are assumed to be Archimedean. For terminology and results on Riesz
spaces not explained in this paper we refer to [3, 4, 8, 9].

In [10], unbounded order continuous operators are introduced. An operator 7' : B — F
between two Riesz spaces is said to be unbounded order continuous (uo-continuous), if x, =5 0
in E implies Tzo =5 0 in F. The definition of the strongly unbounded order continuous
(suo-continuous) operator is similar. In particular, lattice operations are unbounded order
continuous (see [7, Lemma 3.1]).

It is known that the sublattice of a Riesz space is order closed if and only if it is unbounded
order closed (see |1, Proposition 3.15]). In section 2 of this paper, a simpler proof of this
proposition is given, taking the ideal instead of the sublattice. Moreover, it is obtained that the
class of g-ideals is the same as the class of unbounded o-ideals. In section 3, it is demonstrated
that an injective principal band operator is wo-continuous, and a bijective order bounded
disjoint preserving operator is order continuous. In section 4, we aim to provide a partial
solution to the open problem given in |2, Problem 7).

2. Unbounded Order Closed Ideals

In [11], Bilokopytov presents a characterization of the uo-convergence as follow:

Proposition 1 [11, Theorem 6.4]. Let (z,) C E and x € E. Then x4 =5 z iff

(i) infor>a(z Vre) =2 =supyso(x A zy) for every a,

and

(i) ify € E and infy>0(y V Tor) = y = SUPysq (Y A zr) for every o, then y = x hold.

uo

Corollary 1 [12, Lemma 3.1|. Let E be a Riesz space and (x,) C E such that x, — 0.
Then inf |x,| = 0.
uo

< It follows from Lemma 3.1 in [7]| |zo| — 0. By Proposition 1, infy/>q |zo| = 0 for
every «. It is easily seen that inf |z,| = 0. >

Let E be a Riesz space and (z,) C E. It is said that (z,) is eventually null net if there
is ag such that x, = 0, for every a > ag. Every element of cgg is eventually null net. From
Theorem 3.2 in [1], if A is either an ideal or order dense sublattice of Riesz space E, then
for a net (x,) in A, z, X 0in Aiff z, 8 0in E. Thus, for a net (o) in E, x4 “oin E
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iff 2o =% 0 in a Dedekind complete of E [1]. Therefore, without loss of generality, we may
assume that F is Dedekind complete in some uo-convergence studies.

Proposition 2. Let E be a Riesz space and (x4 )aer C E.

(i) Recall that, an element ag € T" is said to be maximal whenever oy < « for any o € T,
then ag = «. If the index set T’ has a maximal element and x,, 5 0, then (z,,) eventually null
net.

(ii) If E is a Riesz space and (Tq)aer is a disjoint net in E such that the index set T’
doesn’t have a maximal element then xo —5 0.

< (i) Suppose that the index set I' has a maximal element and let this element be ag. Let
To 30 and u = |Ta,|. Then |z4] Au > 0. There is another net (23) in E such that 25 | 0 and
that for any 3, there exists ay such that |zo| Au < 23 for all @ > ay. Let’s take an arbitray 3
and consider «q corresponding to this 8. Let’s choose the index aws, which yields oy < a9 and
a1 < ag. For every a > an, we have 24 = 24, and so |Tay| = |Ta| A u < 25. Thus, |z4,| < 23
for every . Then we have x, = 0 for every a > ay.

(ii) Let’s assume that E is a Dedekind complete. Fix v € FE;. We claim that 0 <
SUPy/so(|Tar| A u) Lo 0. Suppose that supys.(|Te| Au) =y > 0 for all a.. Since I' doesn’t
have a maximal element, I has an element «g such that o < o for each «. Then,

0<yAlzal < ( sup (|zq| /\u)> Alzo| = sup (|xo| A lza] Au) =0.

o' > o’ >ag
Thus, we have y A |zo| = 0 for all a. Let choose a; € I'. Tt follows that

y=yA sup (| Au) = sup (y A fra| Au)=0.

o' >aq o' >on

Now it is immediately that |z,| A u 2 0. >
The above proposition is analogue to Corollary 3.6 in [1]. The condition in the proposition
that the index set does not have a maximal element cannot be removed.

EXAMPLE 1. Let X = [0,1] and f, € R¥ be denoted the characteristic function of {a}
for each a € X. It is easy to see that (fy)acx is a disjoint net but not uo-converge to 0.
Let us present the routine definition of unbounded order closed sets.

DEFINITION 1. Let E be a Riesz space.

(i) A subset A of E is said to be unbounded order closed (uo-closed) whenever (z,) C A
and z, — z imply z € A,

(ii) An ideal A in F is said to be unbounded o-ideal (uo-ideal) in E whenever (z,) C A
and z,, — z imply z € A,

(iii) An ideal A in E is said to be unbounded order band (uo-band) in E whenever A is
uo-closed.

(iv) Let A be a nonempty subset of E. Then the uo-band generated by A is the smallest
(with respect to inclusion) uo-band that includes A. The uo-band generated by a vector x € F
will be denoted Uy,.

Clearly, the wo-band generated by A coincides with the band generated by the ideal
generated by A. The unbounded order continuity of the lattice operations guarantees disjoint
complement of any nonempty set is a uo-band. Thus, we get the following simple result.

Corollary 2. Let A be an ideal in E and (x,) C Ay, v € Ey, such that x, %% z in E.
Then z € A%,

< It follows easily that A% is the band generated by A. >
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It is clear that z, — 0 in E implies z, — 0, the converse is not true. Let E = ¢y, and
let (e,,) be the standard basis of E. Then (e, ) uo-converges to 0, but it is not order convergent
to zero. However, the sublattice of a Riesz space is order closed if and only if it is unbounded
order closed (see [1, Proposition 3.15]). We obtain a simpler proof of this result when we work
with ideals instead of sublattices.

Proposition 3. Let E be a Riesz space and A be an ideal in E. Then A is uo-closed if
and only if A is o-closed. In other words, A is a band iff A is a uo-band.

<1 The “only if” part is straightforward since order convergent nets are uo-convergent.

For the “if” part, suppose A is a o-closed. Then A is a band. If Uy is a uo-band generated
by A, then Uy C A% because A% is a uo-band. Since A = A% (see [8, Theorem 1.28]),
A =Up, and so A is uo-closed. >

In the case of sequentially closeness, we will use the characterization of wo-convergence
that we gave at the beginning of this section.

Proposition 4. A is a uo-ideal in a Riesz space E if and only if A is a o-ideal in E.

<1 The “only if” part straightforward since order convergent sequences are uo-convergent.

For the “if” part, suppose A is a o-ideal, and let (z,,) C A, x € FE and z, ® 2 in E. Then
lz,| 28 |z| in E by [7, Lemma 3.1]. Thus, without loss of generality, we assume (x,) C A,
and z € E;. By Theorem 6.4 of [11], sup(x A z,) = x. Since x A x,, € A for every n, we have
r €A >

A sublattice A of a Riesz space F is said to be dense with respect to order convergence
(uo-convergence) if every vector in E is order limit (unbounded order limit) of a net in A.
Then, A is dense with respect to order convergence iff A is dense with respect to unbounded
order convergence. Indeed, it is clear that if A is dense with respect to order convergence then
A is dense with respect to unbounded order convergence. On the other hand, we have z, —
then (|zo — x| + 2) A (|z] + 2) 5 2. Thus, if A is dense with respect to unbounded order
convergence then it is dense with respect to order convergence.

3. Unbounded Order Continuous Operators

In [10, 13|, uo-continuous operators were introduced and investigated. Then, some
properties of wo-continuous operators were studied in [2, 12]. Recall that an operator
T : E — F between two Riesz spaces is said to be unbounded order continuous (uo-con-
tinuous), if r, =5 0 in E implies Tz, =5 0 in F. The definition of the strongly unbounded
order continuous (suo-continuous) operator is similar.

It is well known that every order continuous operator is order bounded [5, Theorem 2.1].
It is easy to see that every uo-continous functional is order continuous and so order bounded.
It is natural to ask whether uo-continuous operators are order bounded:

QUESTION 1. Is every uo-continuous (suo-continuous) operator order bounded?

Let T : E — F be an order bounded operator between two Riesz space with F' Dedekind
complete. If T is a uo-continuous (suo-continuous) operator then |T'| is a uo-continuous (suo-
continuous) (see |2, Theorem 2|). This theorem allows us to present an alternative and shorter
proof of Proposition 3.2 of [12].

Proposition 5. Let T : E — F be an order bounded operator between two Riesz spaces
with ' Dedekind complete.

(i) If T is a uo-continuous operator, then T, T~ T and |T| is an o-continuous.

(i) If T is an suo-continuous operator, then T, T, T and |T| is an o-continuous.
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< (i) It is enough to show that Tt is an o-continuous operator. Let % 0 in E. Then,
To 30 and a tail of (z,) is order bounded. Since T is a positive uo-continuous operator,
T2y 230 and a tail of (T z4) is order bounded. Therefore Tz, 0.

(ii) The proof is also valid, with minor modification, for the o-continuity of 7. However,
let us give a shorter proof. Let 2, | 0 in E. Then Ttz ™ 0. From Corollary 1, Tz, | 0. >

Proposition 6. Let T : E — F be a lattice homomorphism between two Riesz spaces.
The following are equivalent;:

(1) T is wo-continuous;

(2) T is o-continuous;

(3) T is suo-continuous.

< By [12, Theorem 3.3|, (1) < (2) and by Proposition 5, (3) = (2) hold. It is enough to
show that (2) = (3). Let T be a suo-continuous and z,, | 0. Then we have Tt 2z, ™% 0 and so
Ttz, %5 0. By Corollary 1, inf Tz, = 0. Therefore, we obtain that Tz, | 0. >

As a consequence of the preceding proposition, we obtain the following result.

Corollary 3. Letl : E — F be an order bounded disjoint preserving operator between
two Riesz spaces. The following are equivalent:

(1) T is uo-continuous;

(2) T is o-continuous;

(3) T is suo-continuous.

< If T: F — F is an order bounded disjoint preserving operator, then its modulus exists
and |T'| : E — F is a lattice homomorphism [4, Theorem 2.40|. Using Proposition 6, the proof
is easily obtained. >

The author introduced the definition of the band operator in [14]. Some properties were
proved for band operators and inverse band operators, including the relations between band
operators and disjointness preserving operators in [15] and [16]. Let T : E — F' be an operator
between two Riesz space. T' is called a band operator if T(B) is a band in F' for each band B
in E. T is called principal band operator if By, C T(B,) for each x € E. It is easy to see that
if T is a band operator then T is a principal band operator (see [16, Corollary 5|). Let, now,
we can give the next result.

Corollary 4. Let T : E — F be an order bounded injective principal band operator
between two Riesz spaces. Then T is o-continuous, uo-continuous and suo-continuous operator.

<1 Since T is an order bounded injective principal band operator, 1" is order continuous
by [16, Theorem 16|. From [15, Theorem 3.1|, T is a disjoint preserving operator. Therefore,
T is both uo-continuous and suo-continuous by Corollary 3. >

Corollary 5. Let T : E — F be an order bounded bijective disjoint preserving operator
between two Riesz spaces. Then T and T~! are o-continuous, uo-continuous and suo-conti-
nuous operators.

<1 It is well known that 7! is order bounded disjoint preserving operators (see [17, The-
orem 1]). Then T and T~ are order bounded band operators by Corollary 9 in [16]. As we
mentioned before, both operators are order bounded bijective principal band operators. From
Corollary 4, both operators are o-continuous, wo-continuous and suo-continuous. >

4. On a Problem About Strongly Unbounded Order Continuous Operators

For a Riesz space E, we write E° for its Dedekind completion. Recall from [3, Theo-
rem 1.41] that EY is the unique (up to a lattice isomorphism) Dedekind complete Riesz space
that contains F as a majorizing and order dense sublattice.
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Let E and F be Riesz spaces. We denote the set of all order bounded operators from E into
F by Ly(E, F). The space of all uo-continuous order bounded operators (resp. suo-continuous
order bounded operators) is denoted by Ly (E, F) (resp. Lsyo(E, F). If E and F are Dedekind
complete Riesz spaces, then Ly,(F, F) = Lgyo(E, F). If F is a Dedekind complete Riesz space,
then L, (F, F) is an ideal in Ly, (E, F') (see [2]).

The space Lyo(E,R) (resp. Lsuo(E,R)) is denoted by E;. (resp. E5,,) and it is called
unbounded order continuous (resp. strongly unbounded order continuous) dual of E. Let

n
£ = {Z a; fi - n €N, aq; € R, f; coordinate or functional on E} .
i=1

Then we have . = E;, C E},, by Proposition 2.5 in [12]. On the other hand, it is clear
that uo-convergence and suo-convergence of a sequence to an element are the same. Thus, we
obtain that E7;,, C .Z by repeating the proof of Proposition 2.2 in the same way in [6]. Thus,
the following proposition is easily obtained.

Proposition 7. Let E be a Riesz space. Then E;, = EZ, .

In this section, our main aim is to give a partial solution to the following open problem.

PROBLEM 1 |2, Problem 7]. Let G be an order dense majorizing sublattice of a Riesz
space F, and let F' be a Dedekind complete Riesz space. If T : G — F' is a positive suo-
continuous operator, does T' have a unique positive suo-continuous extension to all of £ ?

From Proposition 1 (iv) in [2], if this problem is solved positively, then L,.(E,F) =
Ly o(E, F) for every Dedekind complete Riesz space F.

DEFINITION 2. A sublattice G of a Riesz space E is said to be o-convergence reducing of
Eif 24 2 0in E then z, > 0 in G for any net (x,) in G. Similarly, uo-convergence reducing
of E and suo-convergence reducing of E are defined.

Let G be an order dense majorizing sublattice of a Riesz space E. Then G is an o-
convergence reducing of E and it is also a uo-convergence reducing of E [1]. However, we have
illustrated below that G' may not be generally suo-convergence reducing of E:

EXAMPLE 2. Let K be the one-point compactification of an uncountable discrete space,
and consider the Riesz space F = C(K) with point-wise order. If f,, denotes the characteristic
functions of a sequence of distinct singletons in K, the sequence f;, is o-convergent to zero but
not so-convergent to zero (see [5, Example 1.4]). It is clear that f, =3 0 in E implies f, 3 0
in E°. Since E° Dedekind complete, we have f, 25 0 in E. Then E doesn’t suo-convergence
reducing of FE.

By Proposition 2, the following is easily obtained.

Lemma 1. (i) An operator T : E — F between two Riesz spaces is a uo-continuous if and
only if the index set T' of (z,) doesn’t have a maximal element and x4, % 0, then Ty 23 0.

(ii) An operator T : E — F between two Riesz spaces is a suo-continuous if and only if
the index set T' of (24) doesn’t have a maximal element and x, =5 0, then Txs =5 0.

In the following proposition, we give the condition under which the open problem given
in [2, Problem 7] has a positive answer.

Proposition 8. Let G be an order dense majorizing sublattice of a Riesz space E, and let
F' be a Dedekind complete Riesz space. If G is a suo-convergence reducing of E andT : G — F
is a positive suo-continuous operator, then T has a unique positive suo-continuous extension
to all of E.
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<l Let T': G — F be a positive suo-continuous operator. Then, T' : G — F' is an o-
continuous operator. From Theorem 1.65 in [4], the formula

S(z)=sup{Ty: yeGand 0<y <z}, x€FEy

defines a unique positive order continuous extension T of T to all of E with T‘E+ = S.

It is enough to show that T is suo-continuous. Let (Za)aer C B4 and z, 0 in E. From
Lemma 1, we assume that the index set I does not have a maximal element. Let A, = {(a,y) :
y € GN[0,z4]} for each aw and A = | A, Clearly, A is directed upward set with respect to the
lexicographical order by defining that (a1,y1) < (ag,y2) if and only if a; < ag or (a1 = g
and y1 < y2). Let us set x(,,) =y . Then we have (z(,,)) C G. Let’s take u € E,. There is
a net (yo) in F such that y, | 0 and x4 A u < y, for some g and for all & > . Then we
have
T(ay) NU=YNANUS Zo AU S Ya-

for every (a,y) = (ao,0). Therefore, z ™0 in E. By hypothesis, T(a,y) ™ 0in G. Since

ay)
T is suo-continuous on G, T'x(q ) 0 in F. Let’s take w € F. There is a net (V(ayy)) in F
such that v(q,) 4 0 and Tz, ) A w < V(o) for some (a1,y1) and for all (a,y) > (a1,91).
Let wa = v(q,0) for each a. It is not difficult to see that 0 < wy | 0, since I' doesn’t have
a maximal element. Let’s choose ay > «ay. For each o > a and for each y € G N [0, z,] we
have (a,y) > («,0) = (a1, y1) and so,

Ty hw =To(a,y) AN S Vay) S Va0) = Wa

Therefore, Taca ANw = S(xq) N w < wy for each o > ay. Thus, we obtain that T is suo-
continuous. Since every suo-continuous operator is o-continuous and G is order dense in F, it
is obtained that 7 is unique. >

As a consequence of the preceding theorem, we obtain the following result.

Corollary 6. If E is a suo-convergence reducing of E°, then Ly,(E, F) = Ly (E, F) for
every Dedekind complete Riesz space F.

< It is known that L,o(E,F) C Lgo(E,F). We have to prove that Lg,(E,F) C
Ly(E,F). Let T : E — F be a suo-continuous operator. Since Lg,,(E, F) is an ideal in
Ly(E, F), it is enough to show that |T'| is a wo-continuous [2]. By Proposition 8, |T'| has a
unique positive suo-continuous extension to all of E°. Let |T| denote the extension of |T'| to all
of E%. Since E° and F are Dedekind complete Riesz spaces, \T! : B9 — F is a uo-continuous.
Then |T'| is a uo-continuous. >
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YTO OCTAETCH HEM3MEHHBIM B TUITAX ITOPSJIKOBON CXOAUMOCTU?
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Awnnoranusi. B qaHHOit craThe MBI HCCIEyeM KaKKe CBOMCTBa He 3aBUCAT OT TOTO, PACCMATPUBAETCS JIU
[OPSIJIKOBAsl CXOJIMMOCTD WJIM HEOTDAHUYEHHAs MOPAJKOBAs CXOJIUMOCTh, a TAKyKe HEOIDAHUYEHHAs TOPSIKO-
Basi HENPEPBIBHOCTD UJIM CUJIHLHO HEOTPAHWYEHHAs MOPsIKOBas HenpepbiBHOCTL. B [1] Tao u ap. ycranosnim,
9TO TMOJpEIIeTKa MPOCTPAHCTBa Pucca siBiAsieTCsl MOPsiIKOBO 3aMKHYTON TOIJa M TOJBKO TOTA, KOLJa OHA
SIBJISIETCS HEOIPAHUYEHHOMN MMOPsAIKOBO 3aMKHYTOH. [lokazaHo, 9TO o-ujea bl 1 HEOrPAHUYEHHBIE T-UIeasIbl —
3TO OJHO U TO kKe. KpoMe Toro, yCTaHOBJIEHO, UTO UHbEKTUBHBIE OIIEPATOPDI, [IEPEBOJISIITHIE [TOJIOCHI HA [TOJIOCHI,
SIBJISIFOTCSI HEOIPAHUYEHHBIMU TIOPSIIKOBO HEIIPEPBIBHBIMU, B TO BPeMsl KaK OMEKTHBHBIE TIOPSIIKOBO OTDaHU-
YeHHBbIE COXPAHSIONINE TU3bIOHKTHOCTD OIIEPATOPHI TAKXKE SBJISTIOTCH MOPSIKOBO HempepbIiBHbIME. [Iycts G —
MTOPSIIKOBO IIOTHOE MarKOPUPYIOIee MOAIPOCTPAHCTBO Pucca mpoctpanctBa Pucca E, a F' — neneKnHI0BO
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nosHOe mpoctpaHcTBo Pucca. B [2] craBures Bompoc: ecomm T : G — F — NOJIOKUTENIBHBIA CHUJIBHO HEOTDa-
HUYEHHO MTOPSIIKOBO HENPEPBIBHBINA OMEpaTop, UMeeT Jin | eIMHCTBEHHOE IOJIOYKUTEIbHOE CUJILHO HEOIDAHMU-
YeHHOE IT0Ps1JIKOBO HEIpepbIBHOE pacimpenne Ha Bce £7 Mbl gokaspiBaeM, 9T0 9Ta IpobsieMa UMeeT ITOJI0XKK-
Te/IbHBIE OTBET, ecii (G HACIIEYET SUO-CXOIMMOCTBIO U3 F, 8 UMEHHO, eCili Lo — 0 B F, T0 Ta — 0 8 G st
JsoGoit cetn (zo) B G.

KirioueBble cjioBa: HEOrPDAHUYEHHO MOPSIKOBO CXOJAIIMICS, HEOIDAHUYEHHO MOPSIKOBO 3aMKHYTHIHN
ujeasl, HEOIPAHUYEHHO IOPSAJKOBO HEIIPEPBIBHBIN OllepaTop, CUJIbHO HEOIPAHUYEHHO IIOPAJKOBO HEIPEPHIB-
HBII OIIEpaTop.
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