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1. Introduction

The straightforward way to find the resolvent (Al — L)~1 of the linear operator (L, D(L))

in the Banach space .% is to study (for given A € C) if the equation A\f — L f = g has for each
g € % a unique solution f € D(L). If we know that (L, D(L)) is closed then this is enough,
but if not then we must also check that f depends on g continuously. In case of success we
have f = (M — L)~!g. For example, if .# is one of the subsets of space of all functions
f:R—C,and Lf =af” +bf" +cf is a differential operator defined by constant coefficients
a,b,c € C, then this task is not difficult. Indeed A\f — Lf = g is a second order differential
equation Af(z) —af”(x) —bf'(z) — cf (x) = g(z), x € R, with only one variable coefficient g,
and there are standard formulas in ODE books to solve this equation using the variation of
parameters method. But if a, b, ¢ are not constants, but functions that depend on x then the
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situation becomes much worse because there are no standard formulas for solution of equation
M (@) = a(x) f'(z) = b(z) f'(x) — c(2) f(z) = g(z), v € R.

However, if (L, D(L)) holds one additional property, then we can use a non-straightforward
method of finding the resolvent, this method is the main result of the paper. The property
is that (L, D(L)) is the generator of a Cy-semigroup, which informally means that exponent
el exists as a linear bounded operator, and depends on t € [0,4+00) continuously in some
sense. If (L, D(L)) is a linear bounded operator with D(L) = .% then this condition holds
automatically, but if (L, D(L)) is not bounded then there is a beautiful theory around it,
see e.g. [1-5]. In most interesting cases (e.g. if L is a differential operator with variable
coefficients) it is difficult to calculate e'* directly because power series e’ = >°°° (tL)"/n!
is useless in case of unbounded operator L. Yet it is possible to find e*’ approximately using
the Chernoff theorem [6], this theorem will be discussed below. After that, having e we
calculate the resolvent via well known [3] formula (A\] — L)™' f = [;° e el fdt. The method
may look complicated because of the many steps it has (find Chernoff function for L, find e**
via Chernoff approximations, find (Al — L)™' via e'*), however all these steps are supported
by known methods, and so our proposed method may still be much simpler than considering
the equation \f — Lf = g.

Brief history and overview of the results obtained up to 2017 in constructing Chernoff
approximations of ' for several classes of operators L can be found in [7]. Several papers
on the topic showing the diversity of cases studied are [8-13|, see also [14-16]. Speed of
convergence of Chernoff approximations were studied in [17-23], see also references therein. See
also paper [24]| which numerically investigates the efficiency of the Monte Carlo method based
on the application of the Chernoff theorem, and paper [25| that mathematically substantiate
such an approach to the Chernoff approximations.

Summing up, we can say that the method of Chernoff approximation is an extremely
effective tool for expressing e*’ in terms of variable coefficients of operator L. The present
paper shows that this method can be also be used for expressing (Al — L)™' in terms of variable
coefficients of operator L, and for finding the solution of the corresponding differential equation
Af — Lf = g. As an example we consider second order linear ODE with variable coefficients.

Limits of multiple integral as multiplicity tends to infinity (such expressions are called
Feynman formulas [8]) are one of the ways (which actually was used originally by Richard
Feynman |26, 27|) to define Feynman path integral |28, 29]. So in Theorem 5 a solution of
an ODE is in the first time in history of science represented via Feynman formula, which can
also be interpreted as Feynman integral if one wishes to do. Such theoretical step is novel and
may lead to some unexpected applications in the future.

2. Preliminaries: Operator Semigroups and their Chernoff Approximations

Let us recall some relevant definitions and facts of C-semigroup theory following [3].

DEFINITION 1. Let .# be a Banach space over the field R or C. Let .Z(.%) be the set of all
bounded linear operators in .%. Suppose we have a mapping V': [0,400) = Z(F), i.e. V(1)
is a bounded linear operator V(t): .% — Z for each t > 0. The mapping V', or equivalently the
family (V(t))i=0, is called a strongly continuous one-parameter semigroup of linear bounded
operators (or just a Cy-semigroup) iff it satisfies the following three conditions:

1) V(0) is the identity operator I, i.e. V(0)p = ¢ for each ¢ € .F;

2) V maps the addition of numbers in [0, +00) into the composition of operators in .Z(.%),
i.e. for all £ > 0 and all s > 0 we have V(t + s) = V(t) o V(s), where for each ¢ € . the
notation (Ao B)(¢) = A(B(p)) = ABy is used;
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3) V is continuous with respect to the strong operator topology in .Z (%), i.e. for all
¢ € F vector V (t)p depends on t continuously, i.e. the function [0, +00) 3t — V(t)p € F
is continuous.

REMARK 1. The definition of a Cy-group (V(t))icr is obtained by substituting [0, +00)
with R in the definition above.

DEFINITION 2. Let (V(t))i>0 be a Cy-semigroup in Banach space .Z. Its infinitesimal
generator (or just generator) is defined as the operator L: D(L) — .# with the domain

V(t)p —
D(L) = {Lp € .7 : there exists a limit lim M} C Z,
t—+0 t

and
V(t)p —
Ly = lim 7( )('0 4,0.
t—+0 t

REMARK 2. It is known [3]| that for each Cp-semigroup (V'(¢));>o in Banach space .Z#,
the set D(L) is a dense linear subspace of .%. Moreover, (L, D(L)) is a closed linear operator
that uniquely defines the semigroup (V' (t)):>0. Also for each Cp-semigroup (V' (t))¢>0 in Banach
space there exist constants M > 1 and w € R such that ||V (¢)]| < Me“* for all ¢ > 0.

REMARK 3. Very often the notation V (¢) = e is used. This is a good notation for several
reasons. First, properties €% = I and e(tts)L = ¢tLesl are consistent with the case when L
is a number or a matrix. Second, if L is a bounded linear operator then the exponent can
be defined via the standard power series et = Yoo (tL)™/n! that converges in the operator
norm. Finally, in general case we have /X f = (I +tL)f + o(t) for all f € D(L) which again
retains properties of the exponent in number and matrix case.

Now we are ready to state the Chernoff theorem. From several options (see [3, 5, 6, 29]),

we choose the one given in [5] (in equivalent formulation):

Theorem 1 (P.R. Chernoff (1968), cf. [3, 5, 6, 29]). Suppose that the following three
conditions are met:

1. Cy-semigroup (e**);~q with generator (L, D(L)) in Banach space .Z is given, such that
for some w > 0 the inequality ||e'*| < e*! holds for all t > 0.

2. There exists a strongly continuous mapping S: [0,4+00) — Z(.%) such that S(0) = I
and the inequality ||S(t)|| < e“! holds for all t > 0.

3. There exists a dense linear subspace D C .# such that for all f € D there exists a
limit S(0) f := limy—,4+o(S(t) f — f)/t. Moreover, S’(0) on D has a closure that coincides with
the generator (L, D(L)).

Then the following statement holds:

(C) for every f € .F, asn — oo we have S(t/n)"f — et* f locally uniformly with respect
tot >0, i.e. for each T > 0 and each f € .# we have

lim sup HS(t/n)"f—ethH =0.
]

N0 tel0,T

Above S(t/n)" = S(t/n)o---0S(t/n) is the composition of n copies of linear bounded

/

n
operator S(t/n) defined everywhere on Z.

DEFINITION 3. Let Cp-semigroup (e**)¢=o with generator L in Banach space .Z be given.
The mapping S: [0, +o00) — Z(.F) is called a Chernoff function for operator L iff it satisfies



Chernoff Approximations of the Solution of Linear ODE with Variable Coefficients 127

the condition (C) of Chernoff theorem 1. In this case expressions S(t/n)" are called Chernoff

approximations to the semigroup etl.

There is also a variant of the Chernoff theorem that allows us to prove the existence
of the semigroup.

Theorem 2 (Chernoff-type theorem, Corollary 5.3 from Theorem 5.2 in [3]). Let %
be a Banach space, and £ (%) be the space of all linear bounded operators on .%. Suppose
there is a function S: [0,4+00) — Z(.%), meeting the condition S(0) = I, where I is the
identity operator. Suppose there are numbers M > 1 and w € R such that ||S(¢)*|| < MeF+*
for every t > 0 and every k € N. Suppose the limit limy_, ¢ S(ﬂ% =: Ly exists for every
w € 9 C F, where & is a dense subspace of .%. Suppose there is a number A\g > w such that
(Mol — L)(2) is a dense subspace of .F.

Then the closure L of the operator L is a generator of a strongly continuous semigroup
of operators (e%);>q given by the formula e”¢ = lim,, o, S(t/n)"p where the limit exists for
every ¢ € % and is uniform with respect to t € [0,T] for every T > 0. Moreover (e’)s=g

satisfies the estimate ||ef|| < Me*t for every t > 0.

REMARK 4. There are several theorems that help to find out if some linear operator
(or the closure of it) generates a Cp-semigroup. Most general are Hille-Yosida theorem and
Feller-Miyadera—Phillips theorem. Unfortunately both heavily use properties of the resolvent
which is a kind of circulus vitiosus because we start all this activity to find the resolvent but
need its properties to do it.

However there are several results that only use properties of the operator to prove that
it generates a Cp-semigroup:

1. Stone’s generation theorem: if A is a self-adjoint operator in Hilbert space, then A
generates a Cp-semigroup; even more, this is a Cy-group of unitary operators.

2. Lumer-Phillips theorem: linear, closed, densely defined in Banach space, dissipative
operator A with a property that A — Aol is surjective for some A9 > 0, generates a Cy-
semigroup of contraction operators.

3. A. Yu. Neklyudov’s inversion of Chernoff’s theorem [30].

REMARK 5. Chernoff’s theorem is a deep result of functional analysis and is designed for
dealing with infinite-dimensional spaces .%. However, it can be illustrated in one-dimensional
setting in two ways, which helps to build intuition. First, one-dimensional version of Chernoft’s
theorem, when % = Z(%) = R, says that if s: [0,+00) = R, I € R and s(t) = 1+ tl + o(t)
as t — 0, then lim,, .o (s(t/n))™ = e*, which is a simple fact of calculus. Second, one can see
that Chernoff’s theorem is an infinite-dimensional analogue of the forward Euler method for
solving ordinary differential equations numerically.

3. Main Result

Theorem 3. Let .# be real or complex Banach space, and let £ (%) be the set of all linear
bounded operators in .%. Suppose that linear operator L: % O D(L) — % generates Cy-se-
migroup (e'*)s=q satisfying for some constants M > 1 and w > 0 inequality ||e'*| < Me“t
for all t > 0. Suppose that function S: [0,+00) — Z(F) is given and ||S(t)F| < Mevt
for allt > 0 and all k = 1,2,3,... Let us denote the resolvent of (L, D(L)) by the symbol
Ry = (M — L)~! for all A € p(L). Suppose that the number A € C is given and Re A > w.
Then X\ € p(L) and:
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L. If for all T > 0 we have limy,_,o0 SUPsc[o,7) Heth - (S(t/n))"f” = 0 for every f € .7,
then we have

nh_)ngo Ryf — / S(t/n)"fdt|| =0, feZF. (1)
0

2. If for all T > 0 we have lim;,—c0 SUpyeo,7] HetL - (S(t/n))"” = 0, then we have

Tim | R - / M (St /)" dt|| = 0. @)
0

< Integrals in (1) and (2) can be understood as improper Riemann integrals because
for each n integrands are continuous functions of t. Moreover |le™*(S(t/n))"| <
e tReANfet/mwn — pNretw—Red) with w—Re ) < 0, so both integrals converge. Theorem I11.1.10
from [3| says that A\ € p(L) and Ryf = [ e Xt et fdt for each f € .# with ||Ry| <
M/(Re X —w).

Let us prove item 1. Suppose ¢ > 0 and f € % are given. Let us prove that there exists
ng € N such that for all n > ng the estimate HR)\f foo _)‘t S(t/n)) fdtH < € holds.

Integral in (1) and fooo e Metl fdt both converge hence the integral on the right hand side
of the equality

Ryf — [ e?(S(t/n)" fdt = [ e (e f — (S(t/n))"f)dt
[ [

converges. Moreover, it convergences uniformly in n € N due to the estimate

o= (et = (ste/mpm|| < e B (et ]|+ s e/m)l )
L e ReM <Me“t + Me(t/")“"> < 2Met@—ReN)

with w — Re A < 0.
Let us use the so-called e/2-method to prove that fooo < €, using representation
I = fOT—i—f;o First, using ¢, we find such 7 > 0 that [»° < /2 for all n, and then

for this T" we find such ng that for all n > ng we have fOT < g/2. This will give us fooo < E.
Indeed, we have

T r 1 3

tL n < /2M t(w—Re A) — oM T(w—ReX) <=
/ f—=(S(t/n)"f) dt e dt Ron— ¢ 5
T T

for all n € N and all T satisfying inequality 7" > max <0, Re)lx—w In (Re4>\]\i[w)€). Suppose that
such number T' is selected.
Next, thanks to the conditions of the Theorem we have

1 (t =0,
nggotes[gg]He — (S(e/n)" f]]
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so there exists ng such that for all n > ng, we have

[ ems = (smys) arf < [ e et~ (s(e/n) s
0 0

< T max e 'ReA gup Heth (S(t/n)) fH < -
t€[0,T] te[0,T]

So we proved that for arbitrary € > 0 there exists ng such that for all n > ng we get

e}

Raf — / e M(S(t/n))" f dt|| < e.

0

Item 1 is proved. Proof of item 2 is obtained by deleting f from the proof of item 1. >

4. Corollary: Feynman Formula for the Resolvent

Assumption 1. Consider functions a,b,c: R — R on R. Assume that a(x) > 0 for all
x € R. Assume that there exists such 5 € (0,1] that function ¢ is bounded and Hélder con-
tinuous with Hélder exponent (3, and functions a, x + 1/a(zx), b are bounded and Holder
continuous with Holder exponent 8 with derivatives of order one and two.

Consider Banach space Cy(R,R) of all continuous functions f: R — R vanishing at
infinity (i. e. im0 f () = 0), with the uniform norm || f| = sup,eg | f(x)|. Consider space
C2(R,R) of all compactly-supported functions that are continuous with derivatives of order
one and two; note that this space is a dense linear subspace in Cy(R,R).

For all f € C2(R,R) define linear operator H via the formula

(Hf)(z) = a(z)f"(z) + b(x) f'(z) + b(x) f (x). (3)

Assume that the closure (H,D(H)) of operator H: D(H) = C%R,R) — Co(R,R)

exists and generates a Cy-semigroup (e tH )i=o0 in Co(R,R); this assumption is fulfilled, e.g.
if a(z) > ag for some constant ag > 0, and b, ¢ only satisfy already mentioned conditions.
Now operator (H, D(H)) is well defined.

REMARK 6. Following [31], let us consider operator-valued functions S, Sy, S3, S that
are defined on [0, 00) and take values in .Z(Cy(R,R)). For all z,y € R, ¢t > 0 define

—y)?

(S1(t)f)(=) = \/ﬁ/e’{p (ﬁw
R

2 T)\xr —
(SO = s / o (T - M) s

s =exp (¢ (o) = o5 ) ) Flo). S0 = SH(082(0) (@)

It is proved in [31] that for all f € C?(R,R) and ¢t — 0 we have
(S1(t)f) (@) = f(z) +ta(x)f"(z) + o(t),
(SO ) (@) = f(@) +tla(@)f" (@) + b@)f'(z) + e(z) f ()] + o(t),

) 1) dy,
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and inequality ||S(t)|| < e“? holds for all t > 0 with w = max(0,sup,cg C(z)). Operator H
generates a Cy-semigroup, so all conditions of the Chernoff theorem are fulfilled. Hence

(etﬁf) (x) = <nlirrgo S(t/n)”f) (x), forall t>0, z €R, feCy(R,R)

nf‘:o.

locally uniformly in ¢, i.e. for all T' > 0 we have limy,,c Sup;¢(o,7 Hetﬁf — (S(t/n))

The expression for S(t/n)"f can be rewritten as follows:

2a(zj-1)

(¢5) a0 =t | /exp . (C(wM)——iif‘if);) e
j=1

n
—-1/2
/ n—1

~ n [n—1 n I )
X < fﬂt) Ha(xj) exp _EZ(JQ(*?JFI) fan)dzr ... day.
j:O j:0

j)

Now we can apply Theorem 3 and obtain a formula for the resolvent of H.

Theorem 4. Undg notation and assumptions from Assumption 1 and Remark 6, the
resolvent Ry = (M — H)™! is given for all A € C satisfying Re A > w, all g € Co(R,R), all
o € R by the following formula:

/ A fron (45 -

R R J=1
——
n

n

Jj=1

n
xexp | ——

M |

- le )?
g(xn)dxy ... dxy, | dt,
§=0 ]

where the limit lim,, .., exists uniformly in xy € R.

< Let us check conditions of Theorem 3. Set .# = Cy(R,R) with the uniform norm
£l = supyer |f(z)|. Consider L = H defined via (3), D(L) = D(H), w = w, M = 1.
Consider S(t) defined in (4). We already have ||S(t)|| < e®*, which implies ||S(t)¥| < e®' .
Condition limy, o0 SUPsc(o 7] et f — (S(t/n))"f|| = 0 for all f € .% and all T > 0 is true
thanks to [31], where the Chernoff theorem is used. The proof is finished due to item 1 of
Theorem 3. >

REMARK 7. Note that for an arbitrary linear operator (L, D(L)) the resolvent (Al — L)~}
and the semigroup e, if they exist, are defined by (L, D(L)) uniquely. Meanwhile, there
are many Chernoff functions for the same operator (L, D(L)), so there are many Chernoff
approximations for (A — L)~! and e'*. This gives us some freedom in constructing such
approximations. The representation for the resolvent proposed in Theorem 4 is only one
of the representations that can be obtained via the Chernoff theorem.
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5. Corollary: Representing Solution of ODEs via Feynman Formula

There is no standard well known method of expressing the solution of ODE —a(x)f”(x) —
b(z)f'(z) — c(x)f(z) + Af(z) = g(z), x € R in terms of variable coefficients a, b, ¢, g and
constant A\. Meanwhile, our method gives a formula for the solution, because f = (A — L)~!
for L given by (Lf)(z) = a(x)f”(x) + b(x)f(x) + c(z) f(x). We will rewrite A\f — Lf = ¢
as Lf — Af = —g because it is easier to follow the idea. Please allow us to make the statement
of the theorem a bit wordy to keep it self-contained.

Theorem 5. Consider second order ordinary differential equation for function f: R — R

a(z)f"(z) +b(zx)f'(z) + (c(x) = N\)f(z) = —g(z) for all x € R, (5)

where functions a,b,c,g: R — R are known parameters and number A € C is also a known
parameter. Assume that there exists constant ag > 0 such that a(xz) > ag for all x € R.
Suppose that there exists 8 € (0,1] such that function c¢ is bounded and Hoélder continuous
with Hélder exponent (3, and functions a, x — 1/a(x), b are bounded and Hdélder continuous
with Hélder exponent 3 with derivatives of order one and two. Assume that function g is
continuous and vanishes at infinity. Assume that R 3 A > max(0, sup,cp ¢(x)).

Then for (5) there exists a unique continuous and vanishing at infinity solution f given
for all xg € R by the formula

n

X exp Z":b(% 1)( —w-1) (ﬂ)n ﬁa(mj)

n
xexp | ——

4t

M |

x]+1 )?
g(xp)dxy ... dx, | dt,
=0 J

where the limit lim exists uniformly in zy € R.
n—oo

<1 In Theorem 4 set f = Ryg. >

REMARK 8. This reasoning also works in the multi-dimensional situation for z € R?
where we have an elliptic PDE instead of ODE.

6. Corollary: Translation-Based Formula as a Method of Solving ODEs

Another Chernoff approximations for the same semigroup are known, these approximations
do not involve multiple integrals but use multiple shifts instead [12]. For these approximations
error bounds are known. Rate of convergence of Chernoff approximations is given in [19]
for the general case of arbitary semigroup, and also in this particular case of translation-
based approximations [18| for the semigroup that is discussed in the next theorem. The word
“translation” is used because for a(z) = ag9 = const operator f — [z — f(z + 2y/a(x)t)]
is indeed a translation (shift) of f by the value 2y/agt.

Let us use symbol UCy(R) to denote Banach space of all bounded and uniformly continuous
functions f: R — R with the uniform norm || f|| = sup,eg |f(z)|. Let us use symbol Cp°(R)
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for the subspace of UCy(R) consisting of all infinitely differentible functions that are bounded
and have bounded derivatives of all orders.

Theorem 6. Suppose that functions a,b,c € UC,(R) are bounded with their derivatives
up to order 3, and there exists such a constant ag > 0 that estimate inf ecr a(z) > ag > 0 is
satisfied for all x € R. For each function ¢ € C;°(R) = D(A) define Ap = a¢” + b¢’ + c¢. For
each t > 0, each x € R and each f € UCy(R) define

(S f)(x) = i f<x + 2\/a(x)t> + % f<m - 2\/a(x)t) + % f(x + 2b(2)t) + te(z) f(z).  (6)

Assume also that R 3 X\ > sup,¢g |c(x)| = ||¢||. Then:
1. Closure A of operator A generates a Cy-semigroup in UCy(R).
2. For each g € UC(R) the solution f: R — R of the equation

a(x)f"(z) +b(x)f (x) + (c(x) = N f(z) = —g(x) for all = € R, (7)

exists, is unique in UCy(R) and is given for all x € R by the formula

[e. 9]

/ e (Ag) (@)t = tim [ e (S(t/m))"g) (&) dr. (8)
0

n—00
0

where S(t/n) is obtained by substitution of t with t/n in (6), and (S(t/n))" is the composition
of n copies of linear bounded operator S(t/n).
Suppose additionally that function g is bounded with derivatives up to order 5. Then:

3. There exist nonnegative constants Cy,C1,...,Cy such that for all t > 0 and alln € N
the following inequality holds:

2elelt

15(t/n)"g — || <

(Collgll + Callg'll + Callg” | + Csllg” Il + Callg ™[l . (9)

4. Error bound in (8) for all n € N is given by inequality

— Ooe_)‘t n))" T L
s f(z) 0/ ((S(0/m)"9) (@) dt] < s,

where Cy = Collgll + Cillg'l| + Callg”| + Callg” [l + Callg ™.

5. Integral in item 2 can be calculated over [0, T instead of [0, 00) with controlled level of

error. This means that for each € > 0 there exists T = max (0, /\_1”6” In (/\_ﬁc”)e) such that

for all n € N we have

T
2
sup | f / S(t/n))"g) (x)dt| < n-()\# +e
0

zeR = ell)?

< Item 1 follows from Theorem 4.2 in [18]. Item 2 is a particular case of the main result
of the paper, Theorem 3. Item 3 follows from Example 4.2 in [18]. Item 4 follows from items 2
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and 3 with simple estimate

[ () @ [ (Ste/m)) (@
0 0

e} e}

— 2
< /e)‘t HeAg _ (S(t/n))"gH dt < /6(||C||>\)tt_cg dt =
n
0 0

2C,
n- (A= lel)®

Item 5 (by repeating the reasoning in the first part of the proof of Theorem 3) follows
from item 4 and the well known fact that the semigroup (et1) 0 is a quasi-contraction,
i.e. in estimate for norm |[e*4| < Me*? it is possible to set M =1, w = ||¢|. >

REMARK 9. Independently of Chernoff function used (is it based on integral operators
as in Theorem 5 or on translation operators as in Theorem 6), Chernoff approximations are
allowing to calculate value of the solution in only one point of the domain of solution (in one
point € R in our examples). Meanwhile methods based on a computational grid calculate
values of the solution in all points of the computational grid. Moreover, values of Chernoff
approximations at different points of the domain can be calculated in parallel, using multi-core
processors and GPU which is an advantage of this approach.

Acknowledgments. Author is thankful to Oleg Galkin, Denis Mineev and Polina Panteleeva for
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YEPHOBCKUE AIITPOKCUMAIIMN PEHIEHWS JIMHENHOTI'O OV
C NEPEMEHHBIMU KO®OUITMEHTAMUI
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Awnnoranusi. Metos 1epHOBCKUX ANIIPOKCAMAIIAN SBJISIETCS MOIIMHBIM U THOKAM HHCTPYMEHTOM (DyHKITH-
OHAJILHOI'O aHAJIM3a, O3BOJIAIONMM BO MHOIMX CJIydasix BeIpasuTh exp(tL) yepes nepemenubie koadduimen-
TBI JIHHEWHOrO JuddepenimanbHoro oneparopa L. B manHoit pabore J0Ka3bIBAE€TCs TEOpeMa, ITO3BOJISIONA
[IPUMEHSATD 3TOT METOJ, JJjisd HAXOXK/IeHUsl pe30sbBeHThl oneparopa L. Hamra teopema yTBep:kiaer, 94To mpe-
obpasoBanust Jlamtaca annpokcumanuii Yeprosa Co-IOyTrPyIIbI CXOSATCS K PE30JIbBEHTE IeéHEpaTOPa 3TON
[OJIy TPy TIIIbL. MBI JIEMOHCTPUPYEM MPEJIOKEHHBINH MeTO 1, Ha Jud depeHIIuaIbHOM OIIEPATOPE BTOPOI'O MOPSIIKA
¢ iepeMeHHbIME KO dunmenTamu. B KadecTse ciecTBUs MBI TIOJIy9a€M HOBOE [IPEJICTABJIEHUE DEIIeHUs HeO I
HOPO/IHOT'O JINHEHHOIO OOBIKHOBEHHOTO (O (PEPEHITUAIBLHOTO yPABHEHUSI BTOPOrO TOPsi/IKa B TEPMUHAX (DYHK-
Wi, SIBJISIIOIUXCS KO3 DUIMEeHTaMU 9TOTO YPaBHEHIsI, UTPAIOIIUX POJIb mapamMeTpoB 3amaqan. s dysakmmn
YepHOBa HA OCHOBE OIEPATOPA CIBUIa MbI JIa€M OIEHKY CKOPOCTH CXOJUMOCTH IMPUOJIMKEHUH K PEIeHUIO.

KurroueBsblie cjioBa: moJIyrpyIIIibl OEPATOPOB, PE30JIbBEeHTa oreparopa, auneiinoe OY ¢ nepemMeHHbIMEI
ko3 dpuImenTaMu, peJCTaB/ICHUEe PEIIeHNUs, YePHOBCKHUE AITTPOKCUMALIMH.
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