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A STUDY ON A CLASS OF p-VALENT FUNCTIONS ASSOCIATED
WITH GENERALIZED HYPERGEOMETRIC FUNCTIONS!

E. El-Yagubi, M. Darus

In this paper, we study and introduce the majorization properties of a new class of analytic p-valent
functions of complex order defined by the generalized hypergeometric function. Some known consequences
of our main result will be given. Moreover, we investigate the coefficient estimates for this class.
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1. Introduction

Let o7, be the class of functions f(z) normalized by

)=+ apns?™, peEN, (L)

n=1

which are analytic and p-valent in the unit disc U. Let f and g be analytic in the open unit
disc U. We say that f is majorized by ¢ in U and write

f(z) <yg(z) (z€0), (1.2)
if there exists a function ¢, analytic in U such that
lp(2)l <1, f(z) =¥(2)9(z) (z€T). (1.3)

It may be noted here that (1.2) is closely related to the concept of quasi-subordination between
analytic functions.

For f(z) and g(z) are analytic in U, we say that f is subordinate to g if there exists the
Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)),
z € U. We denote this subordination by f(z) < g(z). If g(z) is univalent in U, then the
subordination is equivalent to f(0) = ¢(0) and f(U) C ¢(U).

If f(2) and g(z) belong to .@,, then the Hadamard product f « ¢ is defined by

f(z) * g(z) =2+ Zap+nbp+nzp+n, p €N.

n=1

El-Ashwah [2] studied the following p-valent function, which defined by generalized
hypergeometric functions

ntt (ar)n Zp+n

re(fs(aly bl; zp) = 2P + Z ((C;)Bn . (bs)n n! ’

n=1

p €N,
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where a; € C,b, € C\{0,-1,-2,...},(t=1,...,r,¢=1,...,s),and r < s+1;r,s € Ny, and
() is the Pochhammer symbol defined by

(@n_F@+n)_{L n=0,

- T Na@+1)---(x4+n-1), n={1,2,3,...}.

Let f;fﬁz’p € o7, is defined by

, PEN,

;ni p+z D+ )\1+)\2)Tl+b Zp+n
1, 27P p—i—)\gn—i-b

n=1
where m,b € Ng =NU{0}, \a > A1 >0
Corresponding to ,%(aq,by;2P), f;?’iz v and using the Hadamard product, we define a

new generalized differential operator D;’?b)\2 plar, b1) as follows:
DEFINITION 1.1. Let f € .47,, then a generalized differential operator D)\1 o pla1,01) f(2) :
o, — &), is given as
b
Dy» )\2p(a17bl)f(z) = (+9s(a1,br; 28) * 230, * f(2))

_ p+z {p+ (A1 +22)n+b]" (a1)n - (@r)n apyn2Pt" (1.4)
p+Xon—+b (bl)n - (bs)n n! '

n=1

It follows from the above definition that

(p+ A2n + b) ﬁt\lsz(ab b1)f(2)

1.5
= (p+Xan —pAy +b) D" bAz plab)f(2) + Alz(DTl WG b1)f(2))". =

REMARK 1.1. It should be remarked that the linear operator Qﬁzgz(al,bl)f(z) is a
generalization of many operators considered earlier. Let us see some of the examples:

For Ay = b = 0, the operator 9;?’32@(&1, b1) f reduces to the operator was given by Selvaraj
and Karthikeyan [1].

For m = 0, the operator .@)\ )\2 p(al,bl)f reduces to the operator was given by El-
Ashwah [2].

For m = 0 and p = 1, the operator 9)\1 Ao p(al, b1)f reduces to the well-known operator
introduced by Dziok and Srivastava |3].

For Ay =b =0 and p = 1, we get the operator studied by Selvaraj and Karthikeyan [4].

For m =0, =2, s =1 and p = 1, we obtain the operator which was given by Hohlov [5].

Forr=1,s=0,a1 =1, A1 =1, \a =b =0 and p = 1, we get the Saldgean derivative
operator [6].

Forr=1,5s=0,a1 =1, Ao =b=0and p = 1, we get the generalized Salidgean derivative
operator introduced by Al-Oboudi [7].

Form=0,r=1s=0,a; =3+ 1 and p = 1, we obtain the operator introduced by
Ruscheweyh [8].

Forr=1,5=0,a; =6+ 1 and p =1, we obtain the operator studied by El-Yagubi and
Darus [9].

For m=0,r=2and s =1, ag =1 and p = 1, we obtain the operator studied by Carlson
and Shaffer [10].
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Forr=1,5=0,a1 =1, A2 =0and p =1, we get the operator introduced by Cétds |11].

Next, by using the generalized differential operator D)\ /\2 p(al,bl), we study the class

S;Zl;é » [a1,b1, A, B,~] as follows:

DEFINITION 1.2. Let f € <, then f € Sﬁ’bxgp[al,bl,A,B,v] of p-valent functions of
complex order v # 0 in U, if and only if

m,b )
1 (2(Dy) a1,b1)f(z))0tD .
ok | A;{/I\szp( AT A = ¥7 z e, (1.6)

T\ (DY), p(a1,01) f(2)0) T+ B>

where p € N, m,b,j € Ng =NU{0}, vy € C\{0}, \a >\ 20, -1 < B<A<1,aq; €C,
by € C\{0,-1,-2,...} (i =1,...,7,¢=1,...,8) and r < s+ 1; r,s € Ny.

Clearly, we have the following relationships:

(i) whenm=0,p=1,7=0,r=2,s=1,a; =bj,aa =1, A=1and B = —1, then the
class Sy» ’J pla1, b1, A, B, 7] reduces to the class S(7).

(11)Whenm—0 p=1,7j=1,r=2s=1,a1=5b,a3=1, A=1and B = —1, then the
class SY" ’b’j plai, b1, A, B, 7] reduces to the class C(7).

(111)whenm—0,p—l,j—O,r—2,s—1,a1:bl,agzl,Azl,B:—land
~v =1 — a, then the class Sf\nl’&;p[al, b1, A, B, | reduces to the class S*(«a) for 0 < o < 1.

The classes S(y) and C(7) are said to be classes of starlike and convex of complex order

v # 0 in U, were considered by Nasr and Aouf [12] and S*(«) denote the class of starlike
functions of order « in U.

2. Majorization Problem

A majorization problem for functions f belong to the class S ”] [al,bl,A B,~] is
congsidered.

m7 7]

Theorem. Let f € &, and suppose that g € Sy /\zp[al,bl,A,B,’y]. If
(D;ﬁ”b)%p(al,bl)f( N is majorized by (D Al’l;2’p(a1,b1) (2))Y) in U, then

(DT (@, b f(DD| < |[(DRA (anb)g (DD for [l <ro, (21)

where ro = 1o(p, ¥, A\1, A2, b, A, B) is the smallest positive root of the equation

Aomt + b Xom + b
3ly(A— By 4+ (P22 0N gl (PEAMAD o g2
A1 A1
Xomt + b Aon + b
~ H”(A_B) ~ (%) B‘ +2} - <%> o, (22)
1 1

—1<B<A<L; X=2M2>20 beNy PeN; ~eC\{0}.

< Since g € S;”’l;z; pla1; b1, A, B, 4] we can get from (1.6), that

(2.3)

1 <z<D£”;f;2,p<a1,b1>g<z>><ﬂ'+l> . ) 1+ Au(?)
S

1+ - , = ——=,
(D;nl’7b,\2,p(a1,b1)9(z))(]) 1+ Bu(z)



34 El-Yagubi E., Darus M.

where v € C\{0}, j,p € N, p > j and w is analytic in U with
w(0) =0, Jw(z) <1l (ze€l).

From (2.3), we get

2 (DR, a1 b)) "™ (p— i) + (A= B) + (0= j)Blw(z)

m ) : (2.4)
(D)\17,b)\2,p(a17 bl)g(z)) ) 1 + B'LU(Z)
By noting that
m j+1 D+ Xon+0b m ,
z(DM’,b)\zvp(al’ bl)f(z))(]+ = <+1> (DA:Alz’,l;(al, bl)f(z))(])
(2.5)
. p+Xon—+b m .
+ <p —J— <+1>> (D)\1’7I))\2,p(a17bl)f(z))(]),
and by virtue of (2.4) and (2.5) we get
(D32, a1, B1)g(2))
M[l + |Bl2|] |
S 7 o 5 - (DY g(2) ). (2.6)
(222) ~ ha =)+ (=22 ]

Next, since (D/Tl’b)\2 a1, b1) f(2))Y) is majorized by (D;'";’b)\2 Lla, b1)g(z))¥) in the unit disc U,
thus from (1.3) we have

m,b j m,b j
(D8 plar, b ()Y = o(2) (DR, (e, b)g(2) .
Differentiating it with respect to z and multiplying by z we get
m,b j+1
(DN, plar,b1) £(2) U
_ / D’mqb b (]) Dm,b b (j+1)
=zp (Z)( )\1,)\2,1,(@1, 1)9(2)) +Z90(Z)( >\17>\27p(a17 1)g(z)) :
Now by using (2.5) in the above equation, it yields

(Dm+1,b (ah bl)f(z))(ﬂ)

, A1,A2,p ‘
DR D o .
A
Thus, by noting that ¢ € Q satislﬁes the inequality
()] < POy, (28)

1—|z?

by using (2.6) and (2.8) in (2.7), we get
m+1,b i
(DA o, ba) ()9

1— () [21(1 + [ Bl=])

< |le(2)] +
TP (emid) (4~ B) + (28540 |

(DY (a1, b1)g(2) 9],

(2.9)
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which upon setting
[zl =7 and [p(z)] =p (0<p<1)

leads us to the inequality

‘(D)T\ri—’_)\lzl;((ll, bl)f(z))(j)‘
o (p)

4= K’M) - 'v(A B+ <’M>B e @

‘(DM,)\Q,pg z
d

<

where

#lp) = =r(1+ |BIr)p? +(1 = 12)

A b A b
y Kw) _ "Y(A—BH‘ <w>3
)\1 )\1
takes its maximum value at p = 1 with rg = 79(p,7, 1, 2,0, A, B). Here

r1(p, 7y, A1, A2, b, A, B) is the smallest positive root of the equation (2.2).
Furthermore, if 0 < p < r1(p, 7, A1, A2, b, A, B), then the function ¥(p) defined by

¥(p) = —o(1+|Blo)p? + (1 - 0?)]

A b A b (2.12)
x{<%>_wm—3)+<“ 2n >Bla}p—|—al+|3\o)
1

(2.11)

r} p+r(l+|B]r)

is seen to be an increasing function on the interval 0 < p < 1, so that

W(p) <Y(1) = (1-07) [(%) _ ‘7(,4 — B) + <2%1”+b>3

nggl (Ogo‘grl(}%r%)\lv)‘?)vaaB))'

J] (2.13)

Hence upon setting p = 1 in (2.10) we conclude that (2.1) of Theorem 2.1 holds true for
|z| < 71(p, v, A1, A2, A, B) where r1(p, v, A1, A2, A, B) is the smallest positive root of equation
(2.2).

Putting A =1 and B = —1 in Theorem 2.1, we have the following result:

Corollary 2.1. Let f € ), and suppose that g € Sy b.g (a1,b1,7v). If

1,A2,p
(D)’\’";’p(al,bl)f(z))(j) is majorized by (Dﬁp(al,bl)g(z))(j) in U, then

‘(Dﬁ?(al,bl)f(z))(j)‘ ‘(DTlJ;l(ahbﬂg(Z))(j)‘ for |z] < 7o, (2.14)

where

k: \//c2 p+>\zn+b)|2,y _ (p—l—)\)\zn—i-b)‘

1

2|2y — (BE3ntb)) ’

popg (REAEDY o (P dend Y|
)\1 )\1

peN; v A eC\{0}, beNy, A2>0

To (p 77)\17)\27

and S)\l’):;p(al,bl, 7) be a special case of S ’)i;p[al,bl,A,B,fy] when A=1 and B = —1.
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Settingp =1, m=A=0=0, A\ =1,7=0,r=2 s=1,a; = by and ap = 1 in
Corollary 2.1, we get the following corollary:

Corollary 2.2. Let f € 7, and suppose that g € S(v). If f(z) is majorised by g(z) in U,
then

(@I <1g'2) (2] <rs3),

where

3+ 12y =1 —/9+212y — 1| + |2y — 12
o — o) = 312 =1 = OOy ATy 1P
22y -1
which is a known result obtained by Altintas et al. |13].
For v =1, the Corollary 2.2 reduces to the following result:

Corollary 2.3. Let f(z) € @, and suppose that g € S* = 5*(0). If f(z) is majorized by
g(z) in U, then

@< g Gl (2] <2-V3),

which is a known result obtained by MacGregor [14].

3. Coeflicient Estimates

The coefficient estimate for the class S/T\nl’g\; p[al, b1, A, B,~] is obtained, when j = 0.

DEFINITION 3.1. Let SZ’g\zp[al,bl,A,B,'y] denote the subclass of p-valent functions
which satisfy the condition

1 <z<DT;SQ,p<a1,bl>f<z>>' _p) PEESE

1+ — : 14
7 D)T\ri:)\g,p(a’lv bl)f(Z) 1 + Bz

(3.1)

where p € N, v € C\{0}, A2 > A\ 20, mbe Ng, -1 < B< A1 a €C, b €
C\{0,-1,-2,...}, i=1,...,mq¢=1,...,8),and r < s+ 1; r, s € Np.

Theorem 3.1. Let f € o7, If it satisfies the condition:

[e%e) )\)\nbman---arn
2t [n + (A= B) - RBH [p+§>-|-1>—\|—2n2—i)-b+ (1(71;3“'(153)73n! |apn] <1

<1, (3.2)
[7|(A = B)
then f € S;'z”lj\Q’p[al,bl,A,B,'y].
<QLet f € S;'?g%p[al, by, A, B,~|, then we can write (3.1) as follows:
m,b
14 l z(D)\1,)\27p(a1’ bl)f(z))/ —p) = 1+ Aw(z)
1\ DR, planb)f(2) 1+ Bu(z)
which gives
(D™ (aq,b1)f(2)) (D™ (a1,b1)f(2))
et (CER e e e | EEAEE
D)\l,)\z,p(aq) bl)f(z) D)\17)\2’p(ar1, bl)f(z)
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From (3.3), we obtain

p+)\2n+b (bl)n(bs)nn

p+(A1+A2)n+b (a1)n - (ar)n
2P + Z { p—i—l)\2n2+b } (bI;n‘ (s)Ln'ap-i-an"_”

pzP + Z [er /\1+A2)n+b} (al)n---(ar)n!(p +n)appn 2"

(A1+A2)n+b a1)n(ar)n n
PP+ Z [ererl;;nzlbjL ] éJZ...(éS)Zm(p +1)ap 2T
= ’Y(A—B)—B —p w(z)

p+ >\1+)\2)n+b (al)n"'(ar)n +n
2P+ Z { P+ Azntb B0 (bs)m it Gp+n ="

which yields

o +A14+2)n+b61™ (a1)n-(ar)n
> ”[p ;Jrl,\mzlb } (1()1;) (b(s)gn.apmz

< +A1+x2)n+b]™ (a ar)n
L+ 2 [p ;J:Aznzlb ] (t(ni)z (zfs))maernZ

00 +A1+22)n4+b1"™ (a1)n-(ar)n n
" 21 |:p p'l'l)‘2n2+b ] (bl)ln"'(bs)n n!ap+nZ
={7A-B)-B|——F S RN w(z).
+ + n—+ a1)n-(ar)n
1+ Z |:p p_:Azn2+b :| (bl)ln o) n,ap+nz

Since |w(z)| < 1,

i P+ A +2)n+0]" (a1)n--- (ar)n _—
D+ Aon +b (b1)n - (bg)pn! P77

> p+ A1+ X)n+b]" (a1)n- - (ar)n n
B)= 2 [ =atd = e [ i e

Letting |z| — 17 through real values, we have

= p+ A+ A)n+b]" (a1)n - (ar)n
A-B)—-B nl < A — B),
S (A ) - ) [P BT e oy < (4~
therefore,

So2n+ V(A — B) - Bnl] [BHALE [T e eslo |
h(A-B)

N

REMARK 3.1. Other works related to different classes of p-valent functions can be found
in [15, 16].
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UCCJIEAOBAHUE OJIHOI'O KJIACCA p-BAJIEHTHBIX ®YHKIINI,

[IOPOYKJIEHHOT'O OBOBIIIEHHO! TUIIEPTEOMETPIYECKOII ®YHKIINEN

Qub-Aryou 3., Hapyc M.

M3zyuarorca cpoiicrBa Markopaluy i HOBOIO KJIACCA aHAJIUTHYECKUX P-BAJICHTHBIX QyHKIMI KOMILIEKC-
HOI'O IOPHAJIKA, LIOPOXKJEHHOro ruuepreomerpudeckoil dynxnueil. IlpuBoaarcs HexkoTOpDbBIE H3BECTHDBIE
CJIe[ICTBUS IIOJIy9eHHBIX Pe3y/IbTaToB. /Janbl Takke OmeHKN KO3GhMUINMEHTOB I 3TOr0 KjIacca.

KurodeBrle ciioBa: maxkopanusi, p-BajleHTHAs DYyHKIU, TAIepreoMerpudeckas GOyHKIus.



