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xzy|{N}�~ �5�v�����V�T�����Z��{N�v���|��yv�|~ y�{��N���������\{N}��@�^�T�����N~ �T��{N~ ��y����N�����V��{N~ ���1���,��y��V����� �����^���,��yv��� ��{N~ �
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Ã@«�Ä|Å�·vÆ�Ç'¯�½¦�^�T�����N~ �T��{N~ ��y#�

p ��� ��� ��y�{�����y��V{N~ ��y����v}������V�N�������1�V{��N~ �È����y��V{N~ ��y��� 
É c�Ê�Ë�Ì�u�Í¦ÎRkmÏ�Ì�nzÍ�Ë

H�Ð�Ñ
Ap Ò ÐZÑTÓ2ÐIÔ�Õ�Öv×�×^Ø�ÙÈÙ�Ú	Û2Ô�ÑTÜgØvÛ2× f(z) Û2ØvÝTÞßÖ�ÕàÜàá�Ð�â Ò#ã

f(z) = zp +

∞∑

n=1

ap+nz
p+n, p ∈ N, ä�å�æàå�ç

è Ó	ÜgÔ�ÓéÖ�Ý�Ð!Ö�Û7Ö�Õ ã ÑTÜgÔ!Ö�Û2â p LNê Ö�ÕgÐ�Û#Ñ\ÜàÛJÑTÓ2Ð�Ú	Û	ÜàÑ@â'Üg×�Ô U æ H�Ð�Ñ f Ö�Û2â g Ò ÐdÖ�Û7Ö�Õ ã ÑTÜgÔ�ÜàÛëÑTÓ2Ð�Øvì�Ð�ÛëÚ	Û	ÜàÑâ'Üg×�Ô
U.

W Ð�×�Ö ã ÑTÓ7Ö�Ñ f Üg×1ÞßÖ�íTØvÝTÜàá�Ð�â Ò#ã g ÜàÛ U
Ö�Û2â è ÝTÜàÑ�Ð

f(z) � g(z) (z ∈ U), ä�å�æ î�ç
Ü�ÙRÑTÓ2Ð�Ý�Ð�Ð�ï'Üg×TÑ�×^Ö!Ù�Ú	Û2Ô�ÑTÜgØvÛ

ϕ ð Ö�Û7Ö�Õ ã ÑTÜgÔIÜàÛ U
×TÚ2Ô�ÓJÑTÓ7Ö�Ñ

|ϕ(z)| 6 1, f(z) = ϕ(z)g(z) (z ∈ U). ä�å�æ ñ�ç
SpÑ�ÞßÖ ã�Ò ÐPÛ2ØvÑ�Ð�â�Ó2Ð�Ý�Ð�ÑTÓ7Ö�Ñ ä�å�æ î�ç Üg×ÈÔ�ÕgØ�×�Ð�Õ ã Ý�Ð�Õ�Ö�Ñ�Ð�âdÑ�Ø^ÑTÓ2Ð�Ô�ØvÛ2Ô�Ð�ì	ÑRØ�Ù7ò#Ú7Öv×TÜ L ×TÚ Ò ØvÝ�â'ÜàÛ7Ö�ÑTÜgØvÛ Ò Ð�Ñ è Ð�Ð�ÛÖ�Û7Ö�Õ ã ÑTÜgÔZÙ�Ú	Û2Ô�ÑTÜgØvÛ2× æK2ØvÝ

f(z)
Ö�Û2â

g(z)
Ö�Ý�ÐóÖ�Û7Ö�Õ ã ÑTÜgÔ�ÜàÛ U, è Ð!×�Ö ã ÑTÓ7Ö�Ñ f Üg×@×TÚ Ò ØvÝ�â'ÜàÛ7Ö�Ñ�ÐdÑ�Ø g Ü�Ù,ÑTÓ2Ð�Ý�Ð!Ð�ï'Üg×TÑ�×\ÑTÓ2Ð;�Ô�Ó è Ö�ÝTá|Ù�Ú	Û2Ô�ÑTÜgØvÛ ω, Ö�Û7Ö�Õ ã ÑTÜgÔóÜàÛ U, è ÜàÑTÓ ω(0) = 0

Ö�Û2â |ω(z)| < 1
×TÚ2Ô�ÓéÑTÓ7Ö�Ñ

f(z) = g(ω(z)) ð
z ∈ U.

W ÐJâ	Ð�Û2ØvÑ�ÐJÑTÓ	Üg×ß×TÚ Ò ØvÝ�â'ÜàÛ7Ö�ÑTÜgØvÛ Ò#ã f(z) ≺ g(z).
SNÙ
g(z)

Üg×|Ú	Û	Ü ê Ö�ÕgÐ�Û#ÑßÜàÛ U,
ÑTÓ2Ð�ÛôÑTÓ2Ð

×TÚ Ò ØvÝ�â'ÜàÛ7Ö�ÑTÜgØvÛJÜg×^Ð�ò#Ú	Ü ê Ö�ÕgÐ�Û#Ñ\Ñ�Ø f(0) = g(0)
Ö�Û2â

f(U) ⊂ g(U).SNÙ
f(z)

Ö�Û2â
g(z) Ò Ð�ÕgØvÛ	õ|Ñ�Ø Ap,

ÑTÓ2Ð�ÛJÑTÓ2ÐIXZÖvâ2Ö�ÞßÖ�Ý�âJì	Ý�Ø�â'Ú2Ô�Ñ
f ∗ g Üg×1â	Ð�ö2Û2Ð�â Ò#ã

f(z) ∗ g(z) = zp +
∞∑

n=1

ap+nbp+nz
p+n, p ∈ N.

O,Õ L :@×TÓ è Ö�Óø÷ î�ù ×TÑTÚ2â'ÜgÐ�ârÑTÓ2Ð�Ù�ØvÕàÕgØ è ÜàÛ	õ p LNê Ö�ÕgÐ�Û#ÑúÙ�Ú	Û2Ô�ÑTÜgØvÛ ð è Ó	ÜgÔ�Óûâ	Ð�ö2Û2Ð�â Ò#ã õ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ð�â
Ó ã ì�Ð�ÝTõ�Ð�ØvÞ|Ð�ÑTÝTÜgÔIÙ�Ú	Û2Ô�ÑTÜgØvÛ2×

rGs(a1, b1; z
p) = zp +

∞∑

n=1

(a1)n · · · (ar)n
(b1)n · · · (bs)n

zp+n

n!
, p ∈ N,

�
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è Ó2Ð�Ý�Ð ai ∈ C, bq ∈ C\{0,−1,−2, . . .}, (i = 1, . . . , r, q = 1, . . . , s),

Ö�Û2â
r 6 s+ 1; r, s ∈ N0,

Ö�Û2â
(x)n

Üg×1ÑTÓ2Ð�_ÈØ�Ô�Ó	Ó7Ö�Þ Þ|Ð�ÝZ× ã Þ Ò ØvÕ�â	Ð�ö2Û2Ð�â Ò#ã

(x)n =
Γ(x+ n)

Γ(x)
=

{
1, n = 0,

x(x+ 1) · · · (x+ n− 1), n = {1, 2, 3, . . .}.
H�Ð�Ñ

L
m,b
λ1,λ2,p

∈ Ap
Üg×^â	Ð�ö2Û2Ð�â Ò#ã

L
m,b
λ1,λ2,p

= zp +

∞∑

n=1

[
p+ (λ1 + λ2)n+ b

p+ λ2n+ b

]m
zp+n, p ∈ N,

è Ó2Ð�Ý�Ð m, b ∈ N0 = N ∪ {0} ð λ2 > λ1 > 0.F�ØvÝTÝ�Ð�×Tì�ØvÛ2â'ÜàÛ	õëÑ�Ø
rGs(a1, b1; z

p) ð L
m,b
λ1,λ2,p

Ö�Û2â�Ú2×TÜàÛ	õJÑTÓ2Ð|XZÖvâ2Ö�ÞßÖ�Ý�â�ì	Ý�Ø�â'Ú2Ô�Ñ ð è Ð|â	Ð�ö2Û2ÐßÖÛ2Ð è õ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ð�âëâ'Ü��¦Ð�Ý�Ð�Û#ÑTÜ�Ö�ÕÈØvì�Ð�Ý�Ö�Ñ�ØvÝ
Dm,b

λ1,λ2,p
(a1, b1)

Öv×5Ù�ØvÕàÕgØ è ×
�
���� "!$#%!�&'!$(�#*),+-),+ H�Ð�Ñ

f ∈ Ap,
ÑTÓ2Ð�Û|Ö\õ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ð�â â'Ü��¦Ð�Ý�Ð�Û#ÑTÜ�Ö�Õ2Øvì�Ð�Ý�Ö�Ñ�ØvÝ

Dm,b
λ1,λ2,p

(a1, b1)f(z) :
Ap → Ap

Üg×1õ�Ü ê Ð�Û�Öv×

Dm,b
λ1,λ2,p

(a1, b1)f(z) = (rGs(a1, b1; z
p) ∗ L

m,b
λ1,λ2,p

∗ f(z))

= zp +

∞∑

n=1

[
p+ (λ1 + λ2)n+ b

p+ λ2n+ b

]m (a1)n . . . (ar)n
(b1)n . . . (bs)n

ap+nz
p+n

n!
.

ä�å�æ .�ç

SpÑ5Ù�ØvÕàÕgØ è ×1Ù�Ý�ØvÞ ÑTÓ2Ð�Ö Ò Ø ê Ð�â	Ð�ö2Û	ÜàÑTÜgØvÛëÑTÓ7Ö�Ñ
(p+ λ2n+ b)Dm+1,b

λ1,λ2,p
(a1, b1)f(z)

= (p+ λ2n− pλ1 + b)Dm,b
λ1,λ2,p

(a1, b1)f(z) + λ1z
(
Dm,b

λ1,λ2,p
(a1, b1)f(z)

)′
.

ä�å�æ /�ç

01��243�5'67),+-),+ SpÑé×TÓ2ØvÚ	Õgâ Ò Ð Ý�Ð�ÞßÖ�Ý98�Ð�âEÑTÓ7Ö�Ñ�ÑTÓ2Ð ÕàÜàÛ2Ð�Ö�Ý�Øvì�Ð�Ý�Ö�Ñ�ØvÝ
D

m,b
λ1,λ2

(a1, b1)f(z)
Üg×éÖ

õ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ö�ÑTÜgØvÛéØ�ÙRÞßÖ�Û ã Øvì�Ð�Ý�Ö�Ñ�ØvÝ�×\Ô�ØvÛ2×TÜgâ	Ð�Ý�Ð�âJÐ�Ö�ÝTÕàÜgÐ�Ý æ H�Ð�Ñ^Ú2×^×�Ð�Ð�×�ØvÞ|ÐIØ�ÙRÑTÓ2Ð�Ð�ï2Ö�Þ ì	ÕgÐ�×
�K2ØvÝ
λ2 = b = 0,

ÑTÓ2Ð�Øvì�Ð�Ý�Ö�Ñ�ØvÝ
D

m,b
λ1,λ2,p

(a1, b1)f
Ý�Ð�â'Ú2Ô�Ð�×ÈÑ�Ø^ÑTÓ2Ð�Øvì�Ð�Ý�Ö�Ñ�ØvÝ è Öv×Èõ�Ü ê Ð�Û Ò#ã ;�Ð�Õ ê Ö�Ý�Ö�íÖ�Û2â;:�Ö�ÝTÑTÓ	Ü<8�Ð ã Ö�Ûú÷ å�ùpæK2ØvÝ

m = 0,
ÑTÓ2Ð Øvì�Ð�Ý�Ö�Ñ�ØvÝ

D
m,b
λ1,λ2,p

(a1, b1)f
Ý�Ð�â'Ú2Ô�Ð�×éÑ�ØôÑTÓ2ÐúØvì�Ð�Ý�Ö�Ñ�ØvÝ è Öv×�õ�Ü ê Ð�Û Ò#ã O,Õ L:@×TÓ è Ö�Óú÷ î�ùpæK2ØvÝ

m = 0
Ö�Û2â

p = 1,
ÑTÓ2Ð Øvì�Ð�Ý�Ö�Ñ�ØvÝ

D
m,b
λ1,λ2,p

(a1, b1)f
Ý�Ð�â'Ú2Ô�Ð�×IÑ�ØUÑTÓ2Ð è Ð�ÕàÕ L 8�Û2Ø è ÛúØvì�Ð�Ý�Ö�Ñ�ØvÝÜàÛ#ÑTÝ�Ø�â'Ú2Ô�Ð�â Ò#ã ?@á�ÜgØ=8tÖ�Û2â�;#ÝTÜ ê Öv×TÑ�Ö ê Öt÷ ñ�ùpæK2ØvÝ

λ2 = b = 0
Ö�Û2â

p = 1, è ÐIõ�Ð�Ñ^ÑTÓ2Ð�Øvì�Ð�Ý�Ö�Ñ�ØvÝ\×TÑTÚ2â'ÜgÐ�â Ò#ã ;�Ð�Õ ê Ö�Ý�Ö�í\Ö�Û2â;:�Ö�ÝTÑTÓ	Ü<8�Ð ã Ö�Ûú÷ .vùpæK2ØvÝ
m = 0 ð r = 2 ð s = 1

Ö�Û2â
p = 1, è Ð\Ø Ò Ñ�Ö�ÜàÛUÑTÓ2Ð\Øvì�Ð�Ý�Ö�Ñ�ØvÝ è Ó	ÜgÔ�Ó è Öv×�õ�Ü ê Ð�Û Ò#ã X@ØvÓ	ÕgØ ê ÷ /�ùpæK2ØvÝ

r = 1 ð s = 0 ð a1 = 1 ð λ1 = 1 ð λ2 = b = 0
Ö�Û2â

p = 1, è Ð!õ�Ð�ÑZÑTÓ2Ð|;�>Ö�Õ?>Ö�õ�Ð�Ö�Û�â	Ð�ÝTÜ ê Ö�ÑTÜ ê ÐØvì�Ð�Ý�Ö�Ñ�ØvÝd÷ @ ùpæK2ØvÝ
r = 1 ð s = 0 ð a1 = 1 ð λ2 = b = 0

Ö�Û2â
p = 1, è Ð\õ�Ð�Ñ�ÑTÓ2Ð^õ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ð�ât;�>Ö�Õ?>Ö�õ�Ð�Ö�Û�â	Ð�ÝTÜ ê Ö�ÑTÜ ê ÐØvì�Ð�Ý�Ö�Ñ�ØvÝ^ÜàÛ#ÑTÝ�Ø�â'Ú2Ô�Ð�â Ò#ã :\Õ L B Ò ØvÚ2â'Ü�÷ A ùpæK2ØvÝ

m = 0 ð r = 1 ð s = 0 ð a1 = δ + 1
Ö�Û2â

p = 1, è Ð|Ø Ò Ñ�Ö�ÜàÛ ÑTÓ2Ð|Øvì�Ð�Ý�Ö�Ñ�ØvÝ�ÜàÛ#ÑTÝ�Ø�â'Ú2Ô�Ð�â Ò#ã[^Ú2×�Ô�Ó2Ð è Ð ã Óú÷ B ùpæK2ØvÝ
r = 1 ð s = 0 ð a1 = δ + 1

Ö�Û2â
p = 1, è Ð�Ø Ò Ñ�Ö�ÜàÛëÑTÓ2ÐIØvì�Ð�Ý�Ö�Ñ�ØvÝ\×TÑTÚ2â'ÜgÐ�â Ò#ã O,Õ L A�Ö�õ�Ú Ò ÜRÖ�Û2â?IÖ�ÝTÚ2×d÷ C ùpæK2ØvÝ

m = 0 ð r = 2
Ö�Û2â

s = 1 ð a2 = 1
Ö�Û2â

p = 1, è Ð@Ø Ò Ñ�Ö�ÜàÛ�ÑTÓ2ÐZØvì�Ð�Ý�Ö�Ñ�ØvÝ1×TÑTÚ2â'ÜgÐ�â Ò#ã F5Ö�ÝTÕg×�ØvÛÖ�Û2â�;#Ó7Ö��¦Ð�Ýd÷ å
D�ùpæ
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	�� ��
 �$��� ��	�� p ����������� ��� ����� � ��	���� ñ�ñ
K2ØvÝ

r = 1 ð s = 0 ð a1 = 1 ð λ2 = 0
Ö�Û2â

p = 1, è ÐZõ�Ð�Ñ5ÑTÓ2ÐZØvì�Ð�Ý�Ö�Ñ�ØvÝ1ÜàÛ#ÑTÝ�Ø�â'Ú2Ô�Ð�â Ò#ã F��Ö�Ñ��Öv×�÷ å�å�ùpæD@Ð�ï'Ñ ð Ò#ã Ú2×TÜàÛ	õ�ÑTÓ2Ðtõ�Ð�Û2Ð�Ý�Ö�ÕàÜàá�Ð�â â'Ü��¦Ð�Ý�Ð�Û#ÑTÜ�Ö�Õ@Øvì�Ð�Ý�Ö�Ñ�ØvÝ
Dm,b

λ1,λ2,p
(a1, b1),

è ÐJ×TÑTÚ2â ã ÑTÓ2ÐtÔ�Õ�Öv×�×
Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Öv×5Ù�ØvÕàÕgØ è ×
�

���� "!$#%!�&'!$(�# ),+���+ H�Ð�Ñ
f ∈ Ap,

ÑTÓ2Ð�Û
f ∈ Sm,b,j

λ1,λ2,p
[a1, b1, A,B, γ]

Ø�Ù
p LNê Ö�ÕgÐ�Û#ÑóÙ�Ú	Û2Ô�ÑTÜgØvÛ2×óØ�ÙÔ�ØvÞ ì	ÕgÐ�ïJØvÝ�â	Ð�Ý

γ 6= 0
ÜàÛ

U,
Ü�ÙPÖ�Û2âJØvÛ	Õ ã Ü�Ù

{
1 +

1

γ

(
z(Dm,b

λ1,λ2,p
(a1, b1)f(z))

(j+1)

(Dm,b
λ1,λ2,p

(a1, b1)f(z))(j)
− p+ j

)}
≺ 1 +Az

1 +Bz
, z ∈ U, ä�å�æ @ ç

è Ó2Ð�Ý�Ð p ∈ N ð m, b, j ∈ N0 = N ∪ {0} ð γ ∈ C\{0} ð λ2 > λ1 > 0 ð −1 6 B < A 6 1, ai ∈ C ð
bq ∈ C\{0,−1,−2, . . .} (i = 1, . . . , r ð q = 1, . . . , s)

Ö�Û2â
r 6 s+ 1 � r, s ∈ N0.F�ÕgÐ�Ö�ÝTÕ ã ð è Ð�Ó7Ö ê ÐIÑTÓ2ÐZÙ�ØvÕàÕgØ è ÜàÛ	õ|Ý�Ð�Õ�Ö�ÑTÜgØvÛ2×TÓ	Üàì2×
�

ä Ü ç è Ó2Ð�Û m = 0 ð p = 1 ð j = 0 ð r = 2 ð s = 1 ð a1 = b1 ð a2 = 1 ð A = 1
Ö�Û2â

B = −1,
ÑTÓ2Ð�ÛJÑTÓ2Ð

Ô�Õ�Öv×�×
Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Ý�Ð�â'Ú2Ô�Ð�×^Ñ�ØóÑTÓ2Ð�Ô�Õ�Öv×�×

S(γ).

ä ÜàÜ ç è Ó2Ð�Û m = 0 ð p = 1 ð j = 1 ð r = 2 ð s = 1 ð a1 = b1 ð a2 = 1 ð A = 1
Ö�Û2â

B = −1,
ÑTÓ2Ð�Û�ÑTÓ2Ð

Ô�Õ�Öv×�×
Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Ý�Ð�â'Ú2Ô�Ð�×^Ñ�ØóÑTÓ2Ð�Ô�Õ�Öv×�×

C(γ).

ä ÜàÜàÜ ç è Ó2Ð�Û m = 0 ð p = 1 ð j = 0 ð r = 2 ð s = 1 ð a1 = b1 ð a2 = 1 ð A = 1 ð B = −1
Ö�Û2â

γ = 1− α,
ÑTÓ2Ð�ÛJÑTÓ2ÐIÔ�Õ�Öv×�×

Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Ý�Ð�â'Ú2Ô�Ð�×^Ñ�Ø ÑTÓ2ÐIÔ�Õ�Öv×�×

S∗(α)
Ù�ØvÝ

0 < α < 1.=5Ó2ÐdÔ�Õ�Öv×�×�Ð�×
S(γ)

Ö�Û2â
C(γ)

Ö�Ý�Ðd×�Ö�ÜgâtÑ�Ø Ò Ð�Ô�Õ�Öv×�×�Ð�×\Ø�ÙP×TÑ�Ö�ÝTÕàÜ<8�Ð!Ö�Û2âëÔ�ØvÛ ê Ð�ï�Ø�ÙPÔ�ØvÞ ì	ÕgÐ�ïëØvÝ�â	Ð�Ý
γ 6= 0

ÜàÛ
U, è Ð�Ý�Ð�Ô�ØvÛ2×TÜgâ	Ð�Ý�Ð�â Ò#ã DZÖv×TÝóÖ�Û2âú:1ØvÚ'Ù!÷ å�î�ù Ö�Û2â S∗(α)

â	Ð�Û2ØvÑ�ÐUÑTÓ2ÐUÔ�Õ�Öv×�×óØ�Ù\×TÑ�Ö�ÝTÕàÜ<8�Ð
Ù�Ú	Û2Ô�ÑTÜgØvÛ2×\Ø�Ù,ØvÝ�â	Ð�Ý

α
ÜàÛ

U æ
� c�qEi���Í7uvn! �i'Ì�nzÍ�Ë#"�u�Í7lRe!$�%

: ÞßÖ�íTØvÝTÜàá�Ö�ÑTÜgØvÛ ì	Ý�Ø Ò ÕgÐ�Þ Ù�ØvÝéÙ�Ú	Û2Ô�ÑTÜgØvÛ2×
f Ò Ð�ÕgØvÛ	õQÑ�ØaÑTÓ2Ð Ô�Õ�Öv×�×

Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Üg×

Ô�ØvÛ2×TÜgâ	Ð�Ý�Ð�â æ
&(' $#Í7u)$�% c * � � f ∈ Ap �+��� �
��,-,.	��/� ��0 � � g ∈ Sm,b,j

λ1,λ2,p
[a1, b1, A,B, γ]

4 1 �
(Dm,b

λ1,λ2,p
(a1, b1)f(z))

(j) � �32 �/45	
�9��6��5� 
�� (Dm,b
λ1,λ2,p

(a1, b1)g(z))
(j) ��� U

* ��0 ���
∣∣∣(Dm+1,b

λ1,λ2,p
(a1, b1)f(z))

(j)
∣∣∣ 6

∣∣∣(Dm+1,b
λ1,λ2,p

(a1, b1)g(z))
(j)
∣∣∣ for |z| 6 r0, ä�î'æàå�ç

7 0 � �/� r0 = r0(p, γ, λ1, λ2, b, A,B) � � ��0 � �82 ���<����� � ,.	��9� � �:9)���/	�	 � 	�� ��0 �;�5<,� � � ��	��

r3
∣∣∣∣γ(A−B) +

(
p+ λ2n+ b

λ1

)
B

∣∣∣∣−
[
p+ λ2n+ b

λ1
+ 2|B|

]
r2

−
[∣∣∣∣γ(A−B)−

(
p+ λ2n+ b

λ1

)
B

∣∣∣∣+ 2

]
r +

(
p+ λ2n+ b

λ1

)
= 0,

−1 6 B < A 6 1; λ2 > λ1 > 0; b ∈ N0; P ∈ N; γ ∈ C\{0}.

ä�î'æ î�ç

C
;#ÜàÛ2Ô�Ð

g ∈ Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
è Ð�Ô�Ö�ÛJõ�Ð�Ñ5Ù�Ý�ØvÞ ä�å�æ @ ç�ð ÑTÓ7Ö�Ñ

1 +
1

γ

(
z(Dm,b

λ1 ,λ2,p
(a1, b1)g(z))

(j+1)

(Dm,b
λ1 ,λ2,p

(a1, b1)g(z))(j)
− p+ j

)
=

1 +Aw(z)

1 +Bw(z)
, ä�î'æ ñ�ç



ñ�. ���������
	���
���� 4 *�� ���
����� 4
è Ó2Ð�Ý�Ð γ ∈ C\{0} ð j, p ∈ N ð p > j

Ö�Û2â
w
Üg×\Ö�Û7Ö�Õ ã ÑTÜgÔIÜàÛ U

è ÜàÑTÓ
w(0) = 0, |w(z)| < 1 (z ∈ U).

K	Ý�ØvÞ ä�î'æ ñ�ç�ð è ÐIõ�Ð�Ñ
z
(
Dm,b

λ1,λ2,p
(a1, b1)g(z)

)(j+1)

(
Dm,b

λ1,λ2,p
(a1, b1)g(z)

)(j) =
(p− j) + [γ(A−B) + (p− j)B]w(z)

1 +Bw(z)
. ä�î'æ .�ç

� ã Û2ØvÑTÜàÛ	õ|ÑTÓ7Ö�Ñ

z
(
Dm,b

λ1,λ2,p
(a1, b1)f(z)

)(j+1)
=

(
p+ λ2n+ b

λ1

)(
Dm+1,b

λ1,λ2,p
(a1, b1)f(z)

)(j)

+

(
p− j −

(
p+ λ2n+ b

λ1

))(
Dm,b

λ1,λ2,p
(a1, b1)f(z)

)(j)
,

ä�î'æ /�ç

Ö�Û2â Ò#ã ê ÜàÝTÑTÚ2ÐIØ�Ù ä�î'æ .�ç Ö�Û2â ä�î'æ /�ç è ÐIõ�Ð�Ñ
∣∣∣(Dm,b

λ1,λ2,p
(a1, b1)g(z))

(j)
∣∣∣

6

p+λ2n+b
λ1

[1 + |B|z|](
p+λ2n+b

λ1

)
−
∣∣∣∣γ(A−B) +

(
p+λ2n+b

λ1

)
|B|
∣∣∣∣|z|

∣∣(Dm+1,n
λ1,λ2,p

g(z))(j)
∣∣. ä�î'æ @ ç

D@Ð�ï'Ñ ð ×TÜàÛ2Ô�Ð (Dm,b
λ1 ,λ2,p

(a1, b1)f(z))
(j) Üg×,ÞßÖ�íTØvÝTÜàá�Ð�â Ò#ã (Dm,b

λ1 ,λ2,p
(a1, b1)g(z))

(j) ÜàÛ|ÑTÓ2Ð1Ú	Û	ÜàÑ�â'Üg×�Ô
U ðÑTÓ#Ú2×1Ù�Ý�ØvÞ ä�å�æ ñ�ç è ÐIÓ7Ö ê Ð

(
Dm,b

λ1,λ2,p
(a1, b1)f(z)

)(j)
= ϕ(z)

(
Dm,b

λ1,λ2,p
(a1, b1)g(z)

)(j)
.

?@Ü��¦Ð�Ý�Ð�Û#ÑTÜ�Ö�ÑTÜàÛ	õUÜàÑ è ÜàÑTÓJÝ�Ð�×Tì�Ð�Ô�Ñ^Ñ�Ø z Ö�Û2âtÞdÚ	ÕàÑTÜàì	Õ ã ÜàÛ	õ Ò#ã z è ÐIõ�Ð�Ñ
z
(
Dm,b

λ1,λ2,p
(a1, b1)f(z)

)(j+1)

= zϕ′(z)
(
Dm,b

λ1,λ2,p
(a1, b1)g(z)

)(j)
+ zϕ(z)

(
Dm,b

λ1,λ2,p
(a1, b1)g(z)

)(j+1)
.

D@Ø è Ò#ã Ú2×TÜàÛ	õ ä�î'æ /�ç ÜàÛJÑTÓ2Ð�Ö Ò Ø ê ÐdÐ�ò#Ú7Ö�ÑTÜgØvÛ ð ÜàÑ ã ÜgÐ�Õgâ	×
(
Dm+1,b

λ1,λ2,p
(a1, b1)f(z)

)(j)

=
zϕ′(z)(Dm,b

λ1 ,λ2,p
(a1, b1)g(z))

(j)

p+λ2n+b
λ1

+ ϕ(z)(Dm+1,b
λ1 ,λ2,p

(a1, b1)g(z))
(j).

ä�î'æ A ç

=5Ó#Ú2× ð Ò#ã Û2ØvÑTÜàÛ	õ|ÑTÓ7Ö�Ñ ϕ ∈ Ω
×�Ö�ÑTÜg×�ö7Ð�×1ÑTÓ2ÐIÜàÛ2Ð�ò#Ú7Ö�ÕàÜàÑ ã

|ϕ′(z)| 6 1− |ϕ(z)|2
1− |z|2 (z ∈ U), ä�î'æ B ç

Ò#ã Ú2×TÜàÛ	õ ä�î'æ @ ç Ö�Û2â ä�î'æ B ç ÜàÛ ä�î'æ A ç�ð è ÐIõ�Ð�Ñ
∣∣∣(Dm+1,b

λ1,λ2,p
(a1, b1)f(z))

(j)
∣∣∣

6


|ϕ(z)| + 1− |ϕ(z)|2

1− |z|2
|z|(1 + |B||z|)

(p+λ2n+b
λ1

)
−
∣∣∣γ(A−B) +

(p+λ2n+b
λ1

)
|B|
∣∣∣|z|


 ∣∣(Dm+1,b

λ1,λ2,p
(a1, b1)g(z))

(j)
∣∣,

ä�î'æ C ç



����� �����
	�� ��
 �$��� ��	�� p ����������� ��� ����� � ��	���� ñ�/
è Ó	ÜgÔ�ÓJÚ	ì�ØvÛë×�Ð�ÑTÑTÜàÛ	õ

|z| = r
Ö�Û2â |ϕ(z)| = ρ (0 6 ρ 6 1)ÕgÐ�Övâ	×1Ú2×1Ñ�Ø ÑTÓ2ÐIÜàÛ2Ð�ò#Ú7Ö�ÕàÜàÑ ã

∣∣∣(Dm+1,b
λ1,λ2,p

(a1, b1)f(z))
(j)
∣∣∣

6
φ(ρ)

(1− r2)

[(
p+λ2n+b

λ1

)
−
∣∣∣∣γ(A−B) +

(
p+λ2n+b

λ1

)
B

∣∣∣∣r
]
∣∣∣(Dm+1,b

λ1,λ2,p
g(z))(j)

∣∣∣ ä�î'æàå
D�ç

è Ó2Ð�Ý�Ð
φ(ρ) = −r(1 + |B|r)ρ2 + (1− r2)

×
[(

p+ λ2n+ b

λ1

)
−
∣∣∣∣γ(A−B) +

(
p+ λ2n+ b

λ1

)
B

∣∣∣∣r
]
ρ+ r(1 + |B|r)

ä�î'æàå�å�ç

Ñ�Ö�8�Ð�× ÜàÑ�× ÞßÖ�ï'ÜàÞdÚ	Þ ê Ö�ÕàÚ2Ð Ö�Ñ
ρ = 1 è ÜàÑTÓ r0 = r0(p, γ, λ1, λ2, b, A,B).

X@Ð�Ý�Ð
r1(p, γ, λ1, λ2, b, A,B)

Üg×1ÑTÓ2Ð�×TÞßÖ�ÕàÕgÐ�×TÑ1ì�Ø�×TÜàÑTÜ ê ÐIÝ�Ø�ØvÑ^Ø�ÙRÑTÓ2Ð�Ð�ò#Ú7Ö�ÑTÜgØvÛ ä�î'æ î�ç�æK	Ú	ÝTÑTÓ2Ð�ÝTÞ|ØvÝ�Ð ð Ü�Ù 0 6 ρ 6 r1(p, γ, λ1, λ2, b, A,B) ð ÑTÓ2Ð�ÛJÑTÓ2Ð@Ù�Ú	Û2Ô�ÑTÜgØvÛ ψ(ρ) â	Ð�ö2Û2Ð�â Ò#ã
ψ(ρ) = −σ(1 + |B|σ)ρ2 + (1− σ2)

×
[(

p+ λ2n+ b

λ1

)
− |γ(A−B) +

(
p+ λ2n+ b

λ1

)
B|σ

]
ρ+ σ(1 + |B|σ)

ä�î'æàå�î�ç

Üg×^×�Ð�Ð�ÛtÑ�Ø Ò Ð�Ö�ÛtÜàÛ2Ô�Ý�Ð�Öv×TÜàÛ	õ|Ù�Ú	Û2Ô�ÑTÜgØvÛëØvÛtÑTÓ2ÐIÜàÛ#Ñ�Ð�Ý ê Ö�Õ 0 6 ρ 6 1,
×�ØóÑTÓ7Ö�Ñ

ψ(ρ) 6 ψ(1) = (1− σ2)

[(
p+ λ2n+ b

λ1

)
−
∣∣∣∣γ(A−B) +

(
p+ λ2n+ b

λ1

)
B

∣∣∣∣σ
]

0 6 ρ 6 1 (0 6 σ 6 r1(p, γ, λ1, λ2, b, A,B)).

ä�î'æàå�ñ�ç

X@Ð�Û2Ô�Ð�Ú	ì�ØvÛ�×�Ð�ÑTÑTÜàÛ	õ
ρ = 1

ÜàÛ ä�î'æàå
D�ç è ÐJÔ�ØvÛ2Ô�ÕàÚ2â	ÐtÑTÓ7Ö�Ñ ä�î'æàå�ç Ø�ÙI=5Ó2Ð�ØvÝ�Ð�Þ î'æàå Ó2ØvÕgâ	× ÑTÝTÚ2ÐUÙ�ØvÝ
|z| 6 r1(p, γ, λ1, λ2, A,B) è Ó2Ð�Ý�Ð r1(p, γ, λ1, λ2, A,B)

Üg×1ÑTÓ2Ð�×TÞßÖ�ÕàÕgÐ�×TÑ^ì�Ø�×TÜàÑTÜ ê ÐIÝ�Ø�ØvÑ^Ø�Ù,Ð�ò#Ú7Ö�ÑTÜgØvÛ
ä�î'æ î�ç�æ_,Ú	ÑTÑTÜàÛ	õ

A = 1
Ö�Û2â

B = −1
ÜàÛë=5Ó2Ð�ØvÝ�Ð�Þ î'æàå�ð è ÐIÓ7Ö ê Ð�ÑTÓ2ÐZÙ�ØvÕàÕgØ è ÜàÛ	õ|Ý�Ð�×TÚ	ÕàÑ
�

� Í7u�Í�e�ezi	u�� � c É c * � � f ∈ Ap �+��� �
��,-,.	��/� ��0 � � g ∈ Sm,b,j
λ1,λ2,p

(a1, b1, γ).
1 �

(Dm
λ1,p

(a1, b1)f(z))
(j) � �32 �/45	
�9��6��5� 
�� (Dm

λ1,p
(a1, b1)g(z))

(j) ��� U,
��0 ���

∣∣∣
(
Dm+1

λ1,p
(a1, b1)f(z)

)(j)∣∣∣ 6
∣∣∣
(
Dm+1

λ1,p
(a1, b1)g(z)

)(j)∣∣∣ for |z| 6 r0, ä�î'æàå .�ç
7 0 � �/�

r0 = r0(p, γ, λ1, λ2, b) =
k −

√
k2 − 4

(p+λ2n+b
λ1

)∣∣2γ − (p+λ2n+b
λ1

)
∣∣

2
∣∣2γ −

(p+λ2n+b
λ1

)∣∣ ,

k = 2 +

(
p+ λ2n+ b

λ1

)
+

∣∣∣∣2γ −
(
p+ λ2n+ b

λ1

)∣∣∣∣,

p ∈ N; γ, λ1 ∈ C\{0}, b ∈ N0, λ2 > 0

�+��� Sm,b,j
λ1,λ2,p

(a1, b1, γ) 
-� � � ,.�5� �$��� � ���/�;	�� Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
7 0 ��� A = 1 �+��� B = −1.



ñ @ ���������
	���
���� 4 *�� ���
����� 4
;�Ð�ÑTÑTÜàÛ	õ

p = 1 ð m = λ2 = b = 0 ð λ1 = 1 ð j = 0 ð r = 2 ð s = 1 ð a1 = b1
Ö�Û2â

a2 = 1
ÜàÛ

F�ØvÝ�ØvÕàÕ�Ö�Ý ã î'æàå�ð è ÐIõ�Ð�Ñ^ÑTÓ2ÐZÙ�ØvÕàÕgØ è ÜàÛ	õßÔ�ØvÝ�ØvÕàÕ�Ö�Ý ã �
� Í7u�Í�e�ezi	u�� � c � c * � � f ∈ Ap �+��� �
��,-,.	��/� ��0 � � g ∈ S(γ)

4 1 � f(z) � ��2 �/45	
�9� �/�5�;
�� g(z) ��� U
*

��0 ���
|f ′(z)| 6 |g′(z)| (|z| < r3),

7 0 � �/�
r0 = r0(γ) =

3 + |2γ − 1| −
√

9 + 2|2γ − 1|+ |2γ − 1|2
2|2γ − 1| ,

7 0 ��� 0 � � ������	 7 �;�/���
�=� � 	 
 � �������5� 
�� � � � ��� � ��� � � ��� 4 ÷ å�ñ�ùpæK2ØvÝ
γ = 1 ð ÑTÓ2Ð!F�ØvÝ�ØvÕàÕ�Ö�Ý ã î'æ î Ý�Ð�â'Ú2Ô�Ð�×^Ñ�ØóÑTÓ2ÐZÙ�ØvÕàÕgØ è ÜàÛ	õßÝ�Ð�×TÚ	ÕàÑ
�

� Í7u�Í�e�ezi	u�� � c��¦c.* � � f(z) ∈ Ap �+��� �
��,-,.	��/� ��0 � � g ∈ S∗ = S∗(0).
1 � f(z) � �32 �/45	
�9��6��5� 
��

g(z) ��� U
* ��0 ���

|f ′(z)| 6 |g′(z)| (|z| 6 2−
√
3),

7 0 ��� 0 � � ������	 7 �;�/���
�=� � 	 
 � �������5� 
��;� � ��� �/�9	-	
� ÷ å .�ùpæ
�¦c � Í $��úÏ#n!$�Ë�Ì|b@w�Ì�n�% i'Ì�$#w

=5Ó2Ð�Ô�Ø�Ð	�ßÔ�ÜgÐ�Û#Ñ@Ð�×TÑTÜàÞßÖ�Ñ�ÐZÙ�ØvÝ1ÑTÓ2Ð�Ô�Õ�Öv×�×
Sm,b,j
λ1,λ2,p

[a1, b1, A,B, γ]
Üg×^Ø Ò Ñ�Ö�ÜàÛ2Ð�â ð è Ó2Ð�Û j = 0 æ

���� "!$#%!�&'!$(�#�
'+-),+ H�Ð�Ñ
Sm,b
λ1,λ2,p

[a1, b1, A,B, γ]
â	Ð�Û2ØvÑ�ÐéÑTÓ2Ð�×TÚ Ò Ô�Õ�Öv×�×�Ø�Ù p LNê Ö�ÕgÐ�Û#Ñ�Ù�Ú	Û2Ô�ÑTÜgØvÛ2×è Ó	ÜgÔ�Ó�×�Ö�ÑTÜg×�Ù ã ÑTÓ2Ð�Ô�ØvÛ2â'ÜàÑTÜgØvÛ

1 +
1

γ

(
z(Dm,b

λ1 ,λ2,p
(a1, b1)f(z))

′

Dm,b
λ1,λ2,p

(a1, b1)f(z)
− p

)
≺ 1 +Az

1 +Bz
, ä�ñ'æàå�ç

è Ó2Ð�Ý�Ð p ∈ N ð γ ∈ C\{0} ð λ2 > λ1 > 0 ð m, b ∈ N0 ð −1 6 B < A 6 1 ð ai ∈ C ð bq ∈
C\{0,−1,−2, . . .}, (i = 1, . . . , r, q = 1, . . . , s),

Ö�Û2â
r 6 s+ 1 � r, s ∈ N0.&(' $#Í7u)$�%��¦c É c;* � � f ∈ Ap.

1 � � � � � � � ��
���� ��0 �;�5	���� � � ��	����
∑∞

n=1

[
n+ |γ(A−B)− nB|

] [p+(λ1+λ2)n+b
p+λ2n+b

]m (a1)n···(ar)n
(b1)n···(bs)n n! |ap+n|

|γ|(A−B)
6 1, ä�ñ'æ î�ç

��0 ��� f ∈ Sm,b
λ1,λ2,p

[a1, b1, A,B, γ]
4

C
H�Ð�Ñ

f ∈ Sm,b
λ1,λ2,p

[a1, b1, A,B, γ],
ÑTÓ2Ð�Û è Ð�Ô�Ö�Û è ÝTÜàÑ�Ð ä�ñ'æàå�ç Öv×5Ù�ØvÕàÕgØ è ×
�

1 +
1

γ

(
z(Dm,b

λ1 ,λ2,p
(a1, b1)f(z))

′

Dm,b
λ1,λ2,p

(a1, b1)f(z)
− p

)
=

1 +Aw(z)

1 +Bw(z)

è Ó	ÜgÔ�Óëõ�Ü ê Ð�×

z(Dm,b
λ1 ,λ2,p

(a1, b1)f(z))
′

Dm,b
λ1,λ2,p

(a1, b1)f(z)
− p =

[
γ(A−B)−B

(
z(Dm,b

λ1,λ2,p
(a1, b1)f(z))

′

Dm,b
λ1,λ2,p

(a1, b1)f(z)
− p

)]
w(z). ä�ñ'æ ñ�ç



����� �����
	�� ��
 �$��� ��	�� p ����������� ��� ����� � ��	���� ñ A
K	Ý�ØvÞ ä�ñ'æ ñ�ç�ð è Ð�Ø Ò Ñ�Ö�ÜàÛ

pzp +
∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m (a1)n···(ar)n
(b1)n···(bs)n n!(p+ n)ap+nz

p+n

zp +
∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m
(a1)n···(ar)n
(b1)n···(bs)n n!ap+nzp+n

− p

=




γ(A−B)−B



pzp +

∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m
(a1)n···(ar)n
(b1)n···(bs)n n!(p+ n)ap+nz

p+n

zp +
∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m (a1)n···(ar)n
(b1)n···(bs)n n!ap+nzp+n

− p







w(z)

è Ó	ÜgÔ�Ó ã ÜgÐ�Õgâ	×
∞∑
n=1

n
[
p+(λ1+λ2)n+b

p+λ2n+b

]m (a1)n···(ar)n
(b1)n···(bs)n n!ap+nz

n

1 +
∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m
(a1)n···(ar)n
(b1)n···(bs)n n!ap+nzn

=




γ(A−B)−B



n

∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m
(a1)n···(ar)n
(b1)n···(bs)n n!ap+nz

n

1 +
∞∑
n=1

[
p+(λ1+λ2)n+b

p+λ2n+b

]m
(a1)n···(ar)n
(b1)n···(bs)n n!ap+nzn







w(z).

;#ÜàÛ2Ô�Ð |w(z)| 6 1,

∣∣∣∣∣
∞∑

n=1

n

[
p+ (λ1 + λ2)n+ b

p+ λ2n+ b

]m (a1)n · · · (ar)n
(b1)n · · · (bs)n n!

ap+nz
n

∣∣∣∣∣

6

∣∣∣∣∣γ(A−B)−
∞∑

n=1

[Bn− γ(A−B)]

[
p+ (λ1 + λ2)n+ b

p+ λ2n+ b

]m (a1)n · · · (ar)n
(b1)n · · · (bs)n n!

ap+nz
n

∣∣∣∣∣ .

H�Ð�ÑTÑTÜàÛ	õ |z| → 1−
ÑTÓ	Ý�ØvÚ	õ�ÓëÝ�Ð�Ö�Õ ê Ö�ÕàÚ2Ð�× ð è ÐIÓ7Ö ê Ð

∞∑

n=1

[n+ |γ(A−B)−Bn|]
[
p+ (λ1 + λ2)n+ b

p+ λ2n+ b

]m (a1)n · · · (ar)n
(b1)n · · · (bs)n n!

|ap+n| 6 |γ|(A−B),

ÑTÓ2Ð�Ý�Ð�Ù�ØvÝ�Ð ð
∑∞

n=1[n+ |γ(A−B)−Bn|]
[
p+(λ1+λ2)n+b

p+λ2n+b

]m (a1)n···(ar)n
(b1)n···(bs)n n! |ap+n|

|γ|(A−B)
6 1.

01��243�5'6 
'+-),+ B\ÑTÓ2Ð�Ý è ØvÝ98'×\Ý�Ð�Õ�Ö�Ñ�Ð�âëÑ�Øßâ'Ü��¦Ð�Ý�Ð�Û#ÑZÔ�Õ�Öv×�×�Ð�×\Ø�Ù p LNê Ö�ÕgÐ�Û#Ñ^Ù�Ú	Û2Ô�ÑTÜgØvÛ2×@Ô�Ö�Û Ò ÐIÙ�ØvÚ	Û2âÜàÛ ÷ å
/	ð¦å @ ùpæ
� $�� $#u)$�ËmÏ $#w
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